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Abstract

Small-scale superadiabatic combustors with counter-flow heat exchange segments of

finite length are studied using irreversible Arrhenius kinetics. First, the complete two-

dimensional conservation equations for the gas phase and the solid walls separating the

channels are investigated numerically. Next, a simplified one-dimensional model, also

known as the narrow-channel approximation, is derived asymptotically and the results are

compared with those of the complete model. The main aim of the study is to assess the

applicability limits of the simplified model. The analysis shows that this approximation

provides valid results beyond its strict limits of validity.

1 Introduction

Recent challenges for combustion science linked to the reduction of harmful emissions and the

increase of efficiency require the development and validation of new combustion applications

that use low-energy containing mixtures. Among them we find small-scale devices designed

for hydrogen production and based on reforming rich fuel-air mixtures by means of partial ox-

idation. Another class of such devices consists in small burners for low-energy fuel-residual

gases to provide, in particular, energy supply for portable electronic devices. In both cases, the

direct chemical conversion per se is hardly viable due to low heat output and high heat losses.

Comprehensive reviews regarding these micro combustion devices can be found in [1–6].

A viable solution for combustion of low-energy-containing mixtures might be the use of

small-scale devices with heat exchanging between adjacent counter-flow streams. The idea of
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this sort of devices should be traced back to [7–9] and the corresponding studies have received

significant attention over the past two decades [10–19].

An increase in the efficiency of heat exchange between counterflow streams can be achieved

by reducing the thickness of the channels when it becomes comparable with the thermal thick-

ness of the flame. A simple one-dimensional model for such devices was developed in [11–13]

where the flame-sheet approximation for the reaction rate was also adopted. These simplifi-

cations allowed an analytical treatment both for steady state solutions and for their stability

analysis. Various numerical studies based on two-dimensional governing equations were carried

out in [14–17] for different burner configurations. The influence of power extraction on com-

bustion regimes has been reported recently in [18] and the production viability of hydrogen-rich

syngas from methanol has been explored in [19].

The description of processes in such devices requires a significant number of parameters,

to account for the physicochemical properties of combustible mixtures and for the geometrical

characteristics of the devices themselves. For this reason, the use of simplified one-dimensional

models for the parametric analysis has a clear advantage due to the lower computational cost of

numerical simulations. Typically, these one-dimensional models are built in an ad-hoc manner,

without proper and rigorous studies of their applicability. In contrast to this, we believe that

proper construction of such simplified models should be based on asymptotic methods. It is

also well known that asymptotic considerations provide approximations that could very well be

valid beyond their strict (mathematic) limit of validity. However, the range of validity cannot

be obtained within the framework of the asymptotic methods themselves. Instead, it has to be

deduced from the comparison of results of the one-dimensional model to results of the complete

multidimensional system.

The purpose of the current work is to justify the use of one-dimensional models for de-

vices with heat recirculation and to determine the limits of their applicability. With this aim,

the two-dimensional model taken as a starting point is investigated numerically first. After that,

the limit of narrow channels is developed and the results are compared with those obtained for

the complete problem. The article is arranged as follows: in Section 2, the general formulation

is given; a short description of the numerical treatment is given in Section 3; the asymptotic

considerations leading to the one-dimensional narrow channel approximation are presented in

Section 4; the asymptotic results are compared with the direct two-dimensional numerical cal-

culations in Section 5; in addition, the high activation energy limit is used within the narrow

channel approximation in Section 6. Finally, conclusions are drawn in the last section.
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Figure 1: Sketch of the problem, coordinate system and opposite-velocity profiles in two chan-

nels; the computational domain is marked with a dash-dot rectangle.

2 General formulation

A schematic representation of the idealized counter-flow combustor under consideration is given

in Fig. 1. The device consists of an array of planar parallel channels of height H separated from

each other by walls of thickness Hw. A combustible mixture at initial temperature T0 flows in

opposite directions in adjacent channels with a fixed mass flow rate, M0, in every channel. The

configuration is periodic in the y-direction. We assume that the walls are thermally adiabatic

except for segments of length L where heat exchange between the opposing streams takes place.

The origin of a coordinate system, x̃ = 0, is fixed in the middle of the conducting segments,

as shown in Fig. 1. Here and below ”∼” is used to denote dimensional variables if the same

notations are used for dimensional and dimensionless variables. In what follows, cases with

hw = Hw/H ∼ O(1) and L≫ H are considered.

In the present study all flames are symmetric with respect to the corresponding channel mid-

planes. Periodicity of the system allows to reduce the domain to that marked in Fig. 1 with a

dash-dot line. The possible impact of non-symmetric flames similar to those reported in [20–23]

is out of the scope of the present study and will be reported elsewhere.

In what follows, subindexes 1 and 2 are used for channels with rightward and leftward flow

directions, respectively, and subindex w for the wall, as sketched in Fig. 1. The subindexes are
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omitted in general formulae (e.g. the governing equations) applicable to any channel.

When the mixture is ignited and the flames are established in the channels, their structure

and location depend on the flow rate and the heat recirculation that takes place between the cold

fresh mixture and hot products. The chemical reaction in the gas phase is modeled by a global

irreversible step of the form Fuel + Oxidizer→ Products. It is assumed that the mixture has a

deficient component (fuel or oxidizer) and changes in the non-deficient mass fraction remain

small. The mass of deficient reactant consumed per unit volume and unit time is ω̃ ∼ ρ̃2YFYO,

where YF , YO are the mass fractions of the fuel and oxidizer, and ρ̃ is the density of the mixture.

Then, assuming that the reaction is first order with respect to the mass fraction of the deficient

reactant, Y , the reaction rate takes the form

ω̃ = Bρ̃2Y e−E/RT (1)

where E is the overall activation energy, T is the temperature, R is the gas constant, and B is the

appropriately defined pre-exponential factor. For example, ω̃ stands for the oxidizer consump-

tion rate in rich mixtures.

When the combustion kinetics is modeled by Eq. (1) a planar flame solution characterized

by a planar, isobaric, adiabatic flame speed, SL, exists always, in contrast to more complex

chemical models where, for example, a flammability limit exists. The non-dimensionalization

procedure is based on SL, the thermal flame thickness defined as δT = λ/ρ0cpSL (representing

the thickness of a planar adiabatic and isobaric flame) and the adiabatic flame temperature Ta =

T0+QY0/cp. Here λ and cp (assumed constant) are the thermal conductivity and the specific heat

capacity (at constant pressure) of the mixture, respectively, Q is the total heat of combustion per

unit mass of deficient component and Y0 is the initial deficient mass fraction. The parameters

a = H/δT and ℓ = L/δT stand for the channel width and the length of the heat exchange

segments, in units of the flame thickness δT .

The states of unburned mixture, ρ0, p0 and Ta − T0 = QY0/cp, are used as scaling factors

for the density ρ, pressure p and temperature T . The upstream mean flow velocity U0 = M0/ρ0

controls the flow rate through the system. In order to investigate the asymptotic limit of narrow

channels, a ≪ 1, different length and velocity scales are convenient along the axial and trans-

verse directions. The thermal flame thickness, δT , and the mean velocity, U0, are used for the

x-variables. The values H and (H/δT )U0 are used for the corresponding y-variables. We write

x = x̃/δT , y = ỹ/H, t = SLt̃/δT , u = ũ/U0, v = ṽ/aU0, ρ = ρ̃/ρ0,

p = a2(p̃− p0)/(ρ0SLU0), θ = (T − T0)/(Ta − T0), θw = (Tw − T0)/(Ta − T0).
(2)



March 30, 2020 5

Assuming constant transport coefficients and a low-Mach number approximation, the stan-

dard governing equations take the following (dimensionless) form:

the gas phase:
∂ρ

∂t
+
∂(mρu)

∂x
+
∂(mρv)

∂y
= 0 , (3)

ρ

(
∂u

∂t
+mu

∂u

∂x
+mv

∂u

∂y

)
= − 1

a2
∂p

∂x
+ Pr

[
1

a2
∂2u

∂y2
+

4

3

∂2u

∂x2
+

1

3

∂2v

∂x∂y

]
, (4)

ρ

(
∂v

∂t
+mu

∂v

∂x
+mv

∂v

∂y

)
= − 1

a4
∂p

∂y
+ Pr

[
1

a2

(
4

3

∂2v

∂y2
+

1

3

∂2u

∂x∂y

)
+
∂2v

∂x2

]
, (5)

ρ

(
∂θ

∂t
+mu

∂θ

∂x
+mv

∂θ

∂y

)
=
∂2θ

∂x2
+

1

a2
∂2θ

∂y2
+ ω , (6)

ρ

(
∂Y

∂t
+mu

∂Y

∂x
+mv

∂Y

∂y

)
=

1

Le

(
∂2Y

∂x2
+

1

a2
∂2Y

∂y2

)
− ω ; (7)

the solid phase:
∂θw
∂t

= α

(
∂2θw
∂x2

+
1

a2
∂2θw
∂y2

)
; (8)

the ideal-gas state equation:

ρ(1 + qθ) = 1. (9)

Notice that the dimensionless flow rate m = U0/SL = M0/ρ0SL appears explicitly as a

factor in Eqs. (3)-(7). In the above equations q = QY0/cpT0 = (Ta − T0)/T0 represents the

heat release parameter, Pr = µcp/λ is the Prandtl number, with µ the viscosity of the mixture,

Le = λ/ρ0cpD is the Lewis number, with D the diffusivity of the deficient reactant and α =

(λw/λ) · [(ρ0cp)/(ρwcw)] represents the dimensionless wall thermal diffusivity, with ρw and cw
the density and the heat capacity of the wall material. One can see that for steady cases, namely

when ∂/∂t ≡ 0, the parameter α has no effect on the solutions.

The dimensionless reaction rate takes the form

ω =
β2

2Leu2p
(1 + q)2ρ2Y exp

{
β(θ − 1)

1 + q(θ − 1)/(1 + q)

}
, (10)

where β = E(Ta − T0)/RT 2
a is the Zel’dovich number. The factor up = SL/UL appearing in

Eq. (10) has been introduced to account for the difference between the asymptotic value of the

laminar flame speed,

UL =

√
2(λ/cp)BLe

β2

T0
Ta
e−E/2RTa ,



March 30, 2020 6

obtained for large activation energy (β → ∞) and the planar isobaric laminar flame speed, SL,

calculated for a finite β, see [24]. Computed values of up for β = 10 and selected values of q

and Le are given in [25]. The factor up ensures that the dimensionless planar flame velocity is

equal to one for finite values of β.

Equations (3)-(9) are to be solved subject to the following boundary conditions:

• along the solid walls, at y = 1 and y = 1 + hw,

u = v =
∂Y

∂y
= 0, θ = θw,

∂θ

∂y
=


1

2
Ka2hw

∂θw
∂y

, |x| < ℓ/2,

0, |x| > ℓ/2;
(11)

• along the midplane of the channels, at y = 1/2 and y = 3/2 + hw,

∂u

∂y
= v =

∂θ

∂y
=
∂Y

∂y
= 0; (12)

• along the lateral conducting wall segments, at 1 < y < 1 + hw and x = ±ℓ/2,

∂θw
∂x

= 0; (13)

• far upstream the channels,

u→ ± 6 y(1− y), v → 0, θ → 0, Y → 1; (14)

• at the outlet of the channels,
∂u

∂x
=
∂θ

∂x
=
∂Y

∂x
= 0. (15)

The Poiseuille velocity profile is stated in Eq. (14) far upstream in the fresh mixture with

sign ” + ” and ”− ” for the channels with rightward and leftward flows, respectively.

Notice that the heat exchange parameter

K =
2λw
λa2hw

= 2
λw
λ

· δ2T
HHw

(16)

has been introduced in the boundary conditions (11) instead of using of the parameter λw/λ

directly. It will be shown in Section 4 that this value is preferable in the cases of narrow channels,

as a → 0. Moreover, the results presented below also show that this scaling is also useful even

for a = O(1). From the other side the use of K for wide channels, when a ≫ 1, becomes

meaningless.
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In the following, the flame position xf is defined as the point along the channel midplane

at which the reaction rate ω reaches its maximum value. We will use also the maximum tem-

perature (which coincides with the flame temperature) attained along the midplane in order to

characterize the flame. In the majority of the cases presented below the temperature and mass

fraction distributions in channels 1 and 2 resulted symmetric with respect to x = 0. This means

that θ1(x, y1) = θ2(−x, y2), where the coordinates y1 and y2 are symmetric with respect to the

wall midplane y∗ = 1+ hw/2, namely y2 = 2+ hw − y1. Evidently, the maximum temperatures

in both channels are equal and the flame positions satisfy xf1 = −xf2.
The numerical calculations were carried out in the computational domain marked with a

dashed-dot line rectangle in Fig. 1, that is, in the two channels. Nevertheless, when the solutions

are symmetric, the distribution of variables corresponding to the rightward flow channel will be

sufficient to characterize the process. All the calculations reported below were carried out for

Le = 1, Pr = 0.7 and q = 5. The value of the Zel’dovich number was fixed at β = 10 in the

majority of cases unless otherwise specified.

3 Numerical treatment

All two-dimensional computations were carried out in a finite domain, −xmax < x < xmax,

with xmax significantly larger than ℓ/2. The spatial derivatives were discretized on a uniform

grid using second order, three-point central differences. The steady counterpart (∂/∂t = 0)

of the governing equations was solved using a Gauss-Seidel method with over-relaxation. The

solutions were obtained using two iterating methods. In the first method, the value of the flow

rate, m, was fixed. Only solutions belonging to the stable branch (see below) can be calculated

using this method. In the second method, the temperature was fixed at a point with x = x∗

(and y = y∗, for two-dimensional calculations) in the rightward flow channel, imposing there

θ1 = θ∗ while the value of m was calculated iteratively (also with a Gauss-Seidel procedure).

The numerical values of θ∗ used in the calculations were θ∗ = 0.5÷ 0.7.

The steady-state solutions of Eqs. (3)-(8) were calculated using a standard method introduc-

ing the stream function ψ and the vorticity ζ . With ψ defined from ρu = ∂ψ/∂y, ρv = −∂ψ/∂x,

and the vorticity as ζ = a2∂v/∂x− ∂u/∂y, the Navier-Stokes equations are reduced to

mρu
∂ζ

∂x
+mρv

∂ζ

∂y
= Pr

(
∂2ζ

∂x2
+

1

a2
∂ζ

∂y2

)
+ J
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a2
∂

∂x

(
1

ρ

∂ψ

∂x

)
+

∂

∂y

(
1

ρ

∂ψ

∂y

)
= −ζ

where

J = m

[
∂(ρu)

∂y

∂u

∂x
− a2

∂(ρu)

∂x

∂v

∂x
+
∂(ρv)

∂y

∂u

∂y
− a2

∂(ρv)

∂x

∂v

∂y

]
denotes the vorticity production.

4 Narrow-channel approximation

A convincing asymptotic reduction of the two-dimensional problem to its one-dimensional coun-

terpart has evident numerical advantages for narrow channels. In addition to reducing numerical

costs, this allows to recover properly the heat-exchange parameter which should be used at low a.

The asymptotic procedure carried out below is similar to that described in [25] where a

single adiabatic channel was considered. It will not be reproduced here in all details. For the

sake of brevity we reproduce only the temperature equations while for the rest of variables the

equivalent asymptotic reduction can be easily deduced.

Assuming (formally) that all parameters are fixed and a ≪ 1, we expand all independent

variables in power series of a2, i.e. in the form f = f (0) + a2f (1) + . . . , for a generic variable f .

To the leading order, Eqs. (6) and (8) are reduced to

∂2θ
(0)
1

∂y2
=
∂2θ

(0)
2

∂y2
=
∂2θ

(0)
w

∂y2
= 0. (17)

These equations imply linear with y temperature profiles inside the channels and the wall, as a

first approximation. Applying Eq. (12) leads to

θ
(0)
1,2 = θ

(0)
1,2(x, t) and θ(0)w = θ

(0)
1 +

θ
(0)
2 − θ

(0)
1

hw
(y − 1). (18)

Similarly Y (0)
1,2 = Y

(0)
1,2 (x, t), and, consequently, ρ(0)1,2 and ω(0)

1,2 are all functions of x and t only.

We now proceed to the next order in a2. Equation (6) written for the first and second channels

gives
∂2θ

(1)
1

∂y2
= ρ

(0)
1

∂θ
(0)
1

∂t
+mρ

(0)
1 u

(0)
1

∂θ
(0)
1

∂x
− ∂2θ

(0)
1

∂x2
− ω

(0)
1 , (19)

∂2θ
(1)
2

∂y2
= ρ

(0)
2

∂θ
(0)
2

∂t
+mρ

(0)
2 u

(0)
2

∂θ
(0)
2

∂x
− ∂2θ

(0)
2

∂x2
− ω

(0)
2 . (20)
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The boundary conditions (11) for the temperature at y = 1 and y = 1 + hw are reduced to

∂θ
(1)
1,2

∂y
=


1

2
Khw

∂θ
(0)
w

∂y
=

1

2
K(θ

(0)
2 − θ

(0)
1 ), |x| < ℓ/2,

0, |x| > ℓ/2.

(21)

Integrating Eqs. (19) and (20) from y = 1/2 to y = 1 and from y = 1+hw to y = 3/2+hw,

respectively, and using Eq. (21) yields

ρ1
∂θ1
∂t

+mρ1U1
∂θ1
∂x

=
∂2θ1
∂x2

+ ω1 −KH(θ1, θ2) (22)

ρ2
∂θ2
∂t

+mρ2U2
∂θ2
∂x

=
∂2θ2
∂x2

+ ω2 +KH(θ1, θ2) (23)

where the upper index has been dropped for simplicity. Here the term

KH(θ1, θ2) =

{
K(θ1 − θ2), |x| < ℓ/2,

0, |x| > ℓ/2,
(24)

describes the heat-exchange with K given by Eq. (16). U1 =
1∫
0

u
(0)
1 dy and U2 =

2+hw∫
1+hw

u
(0)
2 dy

denote the mean flow velocities. The continuity and mass fraction equations are reduced to

∂ρi
∂t

+
∂(mρiUi)

∂x
= 0, (25)

ρi
∂Yi
∂t

+mρiUi
∂Yi
∂x

=
1

Le

∂2Yi
∂x2

− ωi, (26)

where i = 1, 2 and ρi and ωi are given by Eqs. (9) and (10), respectively.

Summing up the temperature equation multiplied by q and the continuity equation multiplied

by (1 + qθ) and using the equation of state (9) gives

m
∂Ui

∂x
= q

[
∂2θi
∂x2

+ ωi ∓KH(θ1, θ2)

]
(27)

This equation can be used instead of Eq.(25) to close the formulation.

As showed in [25], the mean velocities are related to the corresponding pressure gradients in

every channel through Darcy’s law

mU1,2 = − 1

12Pr

∂p1,2
∂x

. (28)

It is useful to note that the pressure distribution is not required within the narrow channel ap-

proximation under isobaric conditions. The pressure profiles can be calculated a posteriori from

Eq. (28).
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The boundary conditions appropriate for Eqs. (22)-(27) are easily derived from Eqs. (14)-

(15):
x→ −∞ : θ1 = Y1 − 1 = U1 − 1 = ∂θ2/∂x = ∂Y2/∂x = 0,

x→ +∞ : θ2 = Y2 − 1 = U2 + 1 = ∂θ1/∂x = ∂Y1/∂x = 0.
(29)

From Eq. (25) and (29) it follows that ρ1U1 = 1 and ρ2U2 = −1 for the steady solutions.

Thus, as showed in [26] the computational domain can be reduced to −ℓ/2 < x < ℓ/2 imposing

x = −ℓ/2 : mθ1 − dθ1/dx = m(Y1 − 1)− Le−1dY1/dx = dθ2/dx = dY2/dx = 0;

x = ℓ/2 : mθ2 + dθ2/dx = m(Y2 − 1) + Le−1dY2/dx = dθ1/dx = dY1/dx = 0.
(30)

This type of boundary conditions was used in [13]. Evidently, such a domain reduction can be

applied exclusively within the narrow-channel approximation and it fails in unsteady or two-

dimensional cases.

5 Numerical results

The main aim of the present study is to compare the solutions based on the two-dimensional

formulation given by Eqs. (3)-(9) and calculated for finite values of a = H/δT with those

obtained from Eqs. (22)-(26) derived as a → 0. It should be noted that steady-state solutions

exist only for m ≥ 1 in the given burner configuration. For m < 1 the flame can enter and

propagate inside the adiabatic segments.

In accordance with the results obtained previously in various studies, for example see [11–

13], two steady solutions exist for values of m in the interval 1 < m < mc and no steady-

states exist for m > mc. Consider the rightward-flow channel. The first branch correspond

to solutions with xf1 < 0: the flame is situated in the first half of the heat-exchanging segment

(thus, xf2 > 0). When the flow ratem increases but remains belowmc, the flame moves towards

the center of this segment. A second solution for the same value ofm exists and corresponds to a

flame located in the second half of the heat-exchanging segment, xf1 > 0. As previously shown

in [12] the first-branch solutions, with xf1 < 0, are stable and the second branch solutions are

unstable.

The question of the stability of steady-state solutions can also be analyzed by the following

reasoning, although this is not a rigorous mathematical analysis of the problem. In fact, when the

flame in the first channel (gas flow to the right) is in the left half of the heat exchange segment

(and in the second channel it is in the right half, correspondingly), its random shift to the right
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leads to an increase in the length of the heat exchange zone whose length is ℓ/2 − |xf1|. This

leads to an increase in flame temperature and, as a consequence, to an increase in flame velocity

with respect to gas: the flame moves to the left. Conversely, a random shift to the left leads to

the opposite effect. As a result, the position of the flame is stable with respect to the wall.

A directly opposite situation is observed when the flame in the first channel is in the right

half of the heat exchange segment. It is easy to see that if the flame accidentally shifts to the

right, the length of the heat exchange zone decreases, resulting in a decrease in the flame velocity

relative to the gas. Thus, the flame shifts to the right even more, which means that its position

is unstable. The present study deals with all the steady solutions only and the rigorous analysis

related with their stability will be reported elsewhere.

Anticipating the numerical results, the maximum temperature achieved along the first branch

is slightly higher than that obtained along the second branch for the same value of m. For this

reason, in the following, we will denote the first and the second branches as the upper and

lower branches referring to the maximum temperature values. This classification may fail near

m ≈ mc in sufficiently wide channels where the flame is strongly curved. For m ≈ mc the

definition of xf as a point laying at the channel midplane (where the reaction rate ω takes its

maximum value) does not reflect completely the flame position.

5.1 Two-dimensional results

Figure 2 shows the typical steady-state response curves calculated from Eqs. (3)-(9) with a = 1,

hw = 0.5, K = 0.1 and ℓ = 30. The left plot shows the maximum temperature reached in the

channel, θmax, which in this article is identified as the flame temperature, θf , and the right plot

gives the flame position. The solid and dashed lines represent the upper and lower branches,

respectively. One can see that with increasing values of m the maximum temperature grows

whereas the flame shifts to the center of the heat conducting segment. There is no solution for

flow rates above a certain critical value. Calculations along the lower (unsteady) branch were

not carried out for the lowest values of m due to numerical stiffness.

Figure 3 illustrates the steady states corresponding to the upper and lower branches for m =

3.95 marked with open circles in Fig. 2. For the upper-branch (stable) solution (xf1 < 0),

the mixture is heated gradually after entering into the heat exchange section (beginning from

x = −15) by heat coming from the adjacent channel. Thereafter, a rapid temperature increase

takes place followed by the flame. A zone of constant temperature is situated behind the flame

where the temperature is equal to the maximum temperature. There is no heat exchange within
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Figure 2: The maximum temperature θmax (left plot) and the flame position xf1 (right plot) in

the rightward flowing channel versus the flow rate m, computed for a = 1, K = 0.1, ℓ = 30,

β = 10, q = 5, Le = 1 and different hw. The solid and dashed lines represent the first and

second branches, respectively, calculated for hw = 0.5; the diamond and delta symbols show

the cases with hw = 0.2 and hw = 1, respectively. The open circles indicate the states plotted in

Fig. 3.

this zone because the temperature is identical in the rightward and leftward flowing channels.

Finally, a region with decreasing temperature appears where the burnt mixture transfers heat to

the adjacent channel with fresh cold mixture flowing in the opposite direction.

The temperature distributions obtained for the lower-branch (unstable) solution are notably

different. One can see that for this solution a constant temperature zone precedes the flame

while a region with decreasing temperature begins just after the flame. The presence of the

zone with decreasing temperature behind the flame produces a slightly lower flame temperature

in comparison with the upper branch solution. This explains why, for the same value of m, the

flame temperature along the second branch plotted with a dashed segment in Fig. 2 (left) is lower

than that along the upper branch (a solid line).

One can see that for both branches the final temperature at the outlet of the heat-exchange

section is exactly equal to the adiabatic flame temperature θ = 1. This should not be surprising,

because heat losses to the exterior are neglected in the present calculations.

It is notable that the temperature distributions in the channels and the flame positions are
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Figure 3: Temperature (color) and reaction rate (thick black lines) contour plots illustrating the

states from the upper (upper plot) and lower (middle plot) branches; temperature profiles along

the channel midplane in the rightward-flow channel (lower plot), for a = 1, K = 0.1, m = 3.95,

ℓ = 30, hw = 0.5, β = 10, q = 5; the corresponding states are marked with open circles in

Fig. 2.
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Figure 4: Two upper plots: temperature (color) and reaction rate (thick black lines) contour plots

illustrating the flame from the upper branch calculated with hw = 1 and 0.2; all calculations for

a = 1, m = 4, K = 0.1, ℓ = 30, β = 10, q = 5; lower plot: the axial temperature profiles in the

rightward flow channel.

practically independent of the wall thickness hw, at least when hw remains of order unity. This

is illustrated in Fig. 2 where the cases hw = 1 and 0.2 are plotted with diamond and delta
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symbols. Apparently, this occurs by virtue of parameter K defined by Eq. (16). Figure 4 shows

the temperature contour plots, the flame positions and the axial temperature profiles along the

rightward flow channel calculated with m = 4, K = 0.1 and two different hw.
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Figure 5: Comparison of the average temperature distributions calculated with a = 1 (dashed

lines) and those based on the narrow channel approximation (solid lines) for m = 3, 4 and

K = 0.1, ℓ = 30, hw = 0.5, β = 10 and q = 5.

5.2 Comparison of 2D and 1D flames

The principal goal of the present study is to evaluate the accuracy of the narrow-channel approx-

imation developed in Section 3. With this aim in view we introduce the temperature averaged

across the channel height,

θ̄(x) =

1∫
0

θ(x, y)dy . (31)

Figure 5 shows the temperature distributions obtained within the narrow-channel approximation

(solid lines) and the average temperatures (dashed lines) calculated for a = 1, K = 0.1 and

hw = 0.5 for the flow rates m = 3 and 4. One can see a good agreement in the results.

Similar results were obtained for cases with shorter heat exchange segments. Figure 6 shows

the temperature profiles calculated in the a→ 0 limit and the averaged temperatures for several

values of a and K = 0.05. One can see that the one-dimensional model (the narrow-channel

approximation) works reasonably well up to a = 2. Apparently, the differences in temperature

distributions appearing for higher values of a occur due to the flame curvature in wider channels.

Comparison of the numerical results obtained in the framework of the full two-dimensional

model and the asymptotic one-dimensional model show that the differences between them rapidly
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Figure 6: Comparison of the temperature profiles based on the narrow-channel approximation

(solid line) and the average temperatures calculated for m = 2.5, K = 0.05, ℓ = 20, β = 10,

q = 5 and various a.

increase for a large, as expected. Figure 7 (upper plot) shows the temperature distribution

(color), reaction rate (thick black lines) and stream function isolines (white lines) for a = 5.

The lower plot of Figure 7 compares the distribution of the average temperature (solid line) and

the temperature obtained from the one-dimensional model (dashed line). It can be seen that the

transverse distribution of the reaction rate deviates significantly from the flat profile observed

at small a. As a consequence of this, the temperature averaged over the channel cross section

and the temperature obtained from the one-dimensional calculation differ noticeably. We also

show the isolines of the stream function in this figure. The point is that for the narrower chan-

nels shown in the previous figures the streamlines are practically straight lines. In Fig. 7 one

can see the deviation of the flow field due to the action of the curved flame through the thermal

expansion effect.

It is interesting, that the numerical simulations carried out for the branch with xf1 > 0 (lower

branch) in the frame of the narrow channel approximation reveal the existence of non-symmetric

solutions. These are apparently unstable, and therefore of minor importance. Nevertheless we

plot in Fig. 8 an example of the temperature profiles calculated for m ≈ 3.338, K = 0.1 and

ℓ = 50. One can see that distributions in the rightward flow and leftward flow channels are not

symmetric with respect to x = 0. The outlet temperatures are also different. Nevertheless, it

should be noted that the law of conservation of energy is of course verified. Positive deviation
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Figure 7: Upper plot: temperature (color), reaction rate (thick black lines) and stream-lines

(white lines) contour plots illustrating the flame from the upper branch calculated with a = 5,

m = 3, K = 0.1, hw = 0.5, ℓ = 20, β = 10, q = 5; lower plot: the averaged temperature profile

(solid line) and 1D temperature (dashed line) in the rightward flow channel.
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Figure 8: An example of non-symmetric solutions obtained in the 1D model: the temperature

profiles in the rightward flow (solid line) and leftward flow (dashed line) channels calculated for

m ≈ 3.338, ℓ = 50, K = 0.1, β = 10 and q = 5.

of temperature from adiabatic in one channel is strictly compensated by the opposite deviation

in the other.



March 30, 2020 18

1 1.2 1.4 1.6 1.8 2
0

5

10

15

20

25

30

θf

m
Eq. (32)

Eq. (33)

Figure 9: Profiles given by Eq. (33) (a solid line) and Eq. (32) (a dashed line) plotted for β = 10

and q = 5.

6 Large activation energy limit

It is interesting to compare the numerical results calculated with the spatially distributed reaction

rate (finite β) and those of large activation energy approximation (β → ∞) known as the flame-

sheet model. In point of fact, the mathematical formulation of the flame sheet model consists in

substituting the reaction rate given by Eq. (10) with ω = mδ(x − xf ), where δ(·) is the Dirac

delta function. This approximation was used in [11–13] for flames in heat-recirculating devices.

For the steady-state solutions, the flame velocity with respect to the unburned mixture should

be equal to the flow velocity at the flame region. The relation between the flow rate m and the

flame temperature θf used in [11–13] was in the form

m = eβ(θf−1)/2. (32)

In the recent study [27] the propagation of planar isobaric flames in narrow channels with

heat losses was analyzed asymptotically using the method of matched asymptotic expansions
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for β ≫ 1. Within this method, the thickness of the reaction zone is of order β−1 (a thin flame

sheet), outside which the reaction rate remains exponentially small. In particular, the direct

relation between the flame velocity and the flame temperature was obtained as follows

m = µ(G)−1/21 + qθf
1 + q

· exp
{
β

2

(θf − 1)

(1 + qθf )/(1 + q)

}
. (33)

where G = −dθ/dx|x=xf− denotes the temperature gradient just behind the flame sheet (at

the burnt side). Here the more general expression obtained in [27] has been adopted for the

ρ2-dependence of the reaction rate ω given by Eq. (10) and constant transport properties. This

expression obtained asymptotically in a rigorous manner is quite different from its simplified

counterpart given in Eq. (32). Even if these two expressions are close near θf ≈ 1, a significant

difference is observed with increasing values of θf , as illustrated in Fig. 9 where µ = 1 was

used.

Following [27], the value of µ in Eq. (33) is determined by considering the inner flame

region. Finally, µ depends on the temperature gradient just behind the flame and can be approxi-

mated as µ ≈ 1−µ1G, where µ1 = 1.344046 was calculated numerically. It is important to note

that in the heat recirculating devices considered in the present study the temperature behind the

flame remains constant for the upper-branch (stable) solutions thus being equal to θf . This can

be seen in Fig. 5, for example, where the curves corresponding to the a→ 0 limit are shown with

solid lines. Thus, G = 0 and µ = 1 should be used in Eq. (33) for the upper-branch solutions.

Only this branch is considered in the present section.

Relation (33) states that for β ≫ 1 the flame temperature, θf , depends on the flow rate

m (and the kinetic parameters β and q) solely, remaining independent on the heat exchange

parameter K. Finally, the flame temperature takes the form

θf =
β(1 + q)2 − 2qZ

2Zq2
, with Z = W

(
β(1 + q)eβ(1+q)/2q

2qm

)
, (34)

where W (ξ) is the Lambert function defined by the equation W (ξ)eW (ξ) = ξ. It is a multivalued

function with an infinite number of branches such that for each non-zero value of ξ there is an

infinite number values of W , most of them complex. Here the principal branch is used.

Equation (34) provides the flame temperature, θf , as a function of m for β ≫ 1. Let us

assume that the temperature profiles in adjacent channels are symmetric with respect to x =

0, namely θ1(x) = θ2(−x) and xf2 = −xf1. Hence calculations of the flame position xf1,
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unknown beforehand, are reduced to{
mdθ1/dx = d2θ1/dx

2 −K (θ1 − θ2),

−mdθ2/dx = d2θ2/dx
2 +K (θ1 − θ2),

(35)

to be solved for −ℓ/2 < x < xf1 subject to the following boundary conditions

x = −ℓ/2 : mθ1 − dθ1/dx = dθ2/dx = 0,

x = xf1 : θ1 = θ2 = θf , dθ1/dx = m(θf ).
(36)

Here xf1 < 0 for the upper branch and m = m(θf ) is given by Eq. (33) with µ = 1. Notice, that

the third condition imposed at x = xf1 allows to calculate xf1.

Equations (35) are linear with respect to θ1 and θ2 allowing an analytical treatment. This was

carried out by using MAPLE, which facilitates much the straightforward algebraic calculations.

Even though the general expressions for θ1 and θ2 are relatively simple, the final equation to

determine the flame position xf1 results to be very long and writing it down does not reveal

much about the nature of the solution. The parametric study presented below is based on the

numerical evaluation of this analytical expression.

Figure 10 shows the flame position in the rightward-flow channel, xf1, as a function of

the flow rate m for different values of β. The solid lines were calculated using the spatially

distributed reaction rate stated in Eq. (10). The dashed curves were obtained from Eqs. (35)-

(36) using Eq. (33). One can see that with increasing values of β the asymptotic dashed-line

curves based on the δ-function approximation for the reaction rate approach remarkably well the

numerical solid-line curves calculated using the spatially distributed reaction rate. This figure

validates also the asymptotic relation given by Eq. (33) for superadiabatic flames.

Stating xf1 = 0 in Eqs. (35)-(36) allows to calculate the critical value mc above which, for

m > mc, there are no solutions. This property is plotted in Fig. 11 where the curves calculated

using Eq. (32) and (33) are shown with dashed and solid lines, respectively.

7 Concluding discussion

Building simplified models for numerical analysis is sometimes difficult, especially when a sig-

nificant number of physical processes must be included. One way to do this is to use asymptotic

methods. However, after a simplified model is built, a legitimate question arises about the extent

of its application. As a rule, the answer to this question cannot be obtained from the asymptotic
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Figure 10: Comparison of the flame position xf1 calculated with spatially distributed reaction

rate (solid lines) and with the flame-sheet model approximation with Eq. (33) used for m(θf )

for various β; all curves are plotted for q = 5, ℓ = 30 and K = 0.1.

construction itself, and comparison with the results obtained in the framework of a more general

model is extremely necessary.

This is precisely the situation that arises when studying processes in small-scale combustion

devices with heat recirculation, where heat transfer and heat exchange play a decisive role. In

addition to the parameters that characterize the combustible mixture and the transport processes

in gas and solid phases, the geometric characteristics of the device should be included in the

model. The total number of parameters can be significant, thereby making it difficult to study

the parametric optimization of its operation.

A widely used class of models applying recently for such devices is the one-dimensional

models. In fact, it is assumed that although the profile of the mixture flow velocity in a channel

has a Poiseuille shape, the effective narrowness of channels reduces the transverse distributions

of temperature and concentrations of species to the effective average values calculated across

the channel cross-section. On the other hand, the strong sensitivity of the rate of the combustion

chemical reaction, especially on temperature, can cast doubt on the results obtained by averaging
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the transverse distributions. The correct accounting of lateral heat transfer to nearby channels

through the side walls can also cause difficulties.

In the present work, the one-dimensional model is obtained strictly asymptotically by ex-

pansion in power series of a small parameter. This parameter is the ratio of the thermal width

of the flame to the thickness of the channel, when the thickness of the separating walls between

the channels is in the same order as the thickness of the channels. Despite the fact that, for

simplicity of the formulation of the problem, heat losses to the environment were not taken into

account in the present study, it is obvious that they can also be taken into account asymptotically

within the same approximation. This would lead to the appearance of a heat sink additional term

in the one-dimensional equation for energy balance.

By comparing with the results obtained in the framework of the full two-dimensional model,

it was demonstrated that the application limits of the one-dimensional model is much wider

than it would be, based on the smallness of the expansion parameter. Moreover, it is shown

that the one-dimensional model gives quantitatively correct results even when a formally small
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parameter is taken of order unity or even larger.
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