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A B S T R A C T

Ocean wave energy has the potential to play a key role in a low-carbon future due to its vast untapped resources. 
However, Wave Energy Converters (WECs) remain at a pre-commercial stage and must improve competitiveness 
by enhancing reliability, lowering LCOE, and increasing energy generation. The latter can be achieved by shifting 
from damping controls to reactance controls, optimizing WEC-wave mechanical resonance to boost energy 
output. In this context, a novel quasi-passive reactance control concept is introduced, incorporating a physical 
mass transfer system rather than relying solely on control algorithms to supply reactive energy to the WEC. The 
paper presents the concept, a phenomenological discussion and the supporting mathematical theory applied to a 
spar-type axisymmetric two-body heaving point absorber that incorporates a mass transfer mechanism to control 
the reactance. Point absorbers, by their nature, usually have very narrow frequency responses and quite often 
their peak frequency response is much higher than the typical wave frequencies. The proposed quasi-passive 
reactance control significantly broadens the frequency response bandwidth to align it with typical ocean wave 
frequencies, enhancing energy extraction to optimal reactance levels and thereby increasing annual energy yield. 
The key finding of this analysis is that, when well controlled, the proposed mass transfer mechanism can increase 
the power capture bandwidth by more than three times compared to the baseline case without the mechanism.

1. Introduction

The transition to a low carbon future in which clean, affordable, 
renewable electricity powers the world is an ongoing process that will 
require the complementary contribution of different renewable sources 
to the energy mix. Whilst hydro, solar and wind power (onshore and 
offshore) are currently the main renewable energy sources worldwide 
[1], wave power is still an untapped resource and harnessing wave en
ergy still presents, among others, several technical and economic chal
lenges. In the last few decades, engineers and scientists have been 
tackling these challenges to find the most cost-effective way to harness 
ocean energy. However, harsh sea conditions have hampered the 
development of resilient and reliable technologies able to solve the 
challenges of generating affordable power from the oceans. Despite that, 
the high potential of this inexhaustible energy source (the worldwide 
potential of wave energy is estimated at around 2 TW [2]) unveils a great 
potential for conversion into useful power and to become a prominent 

share of the renewable energy mix across the world. In Europe, the 
Commission assessed offshore renewable energy (ORE) decarbonization 
scenarios for the European Green Deal’s 2050 climate neutrality target 
[3], highlighting wave energy as a promising source with a projected 31 
GW capacity by 2050 [4], contingent on strong industry support.

Beyond utility-scale power production, wave energy can offer a cost- 
effective solution for microgrids, supporting remote islands and coastal 
communities (e.g., Canary and Caribbean Islands) by replacing costly, 
polluting diesel-based generation and enhancing energy independence 
through local resources. Furthermore, Wave energy can power offshore 
industries like aquaculture, oil & gas, hydrogen electrolysis, and reverse 
osmosis desalination, addressing global clean water needs [5]. Accord
ing to the World Resources Institute, 25 countries, which collectively 
account for one-quarter of the global population, are currently experi
encing extremely high water stress on an annual basis [6].

However, despite its promise, wave energy faces several cost- 
effectiveness challenges compared to other renewables, from 
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technology design to operation and maintenance. In this respect, Ocean 
Energy Systems (OES) proposes eight evaluation areas in which ocean 
renewables must be evaluated for its market readiness: affordability, 
power capture and conversion, controllability, reliability, survivability, 
maintainability, installability and manufacturability [7]. Power capture, 
conversion and controllability are deemed as the most daunting, as the 
variability of this renewable source challenges the rigorous restrictions 
of electric grid stability. Primarily due to the reciprocating motion 
induced by ocean waves and the variability of the resource, power 
produced by wave energy converters (WECs) is normally more uneven 
than other renewable sources. Resource variability causes large 
peak-to-average power fluctuations [8] (a feature especially associated 
with wave energy converters employing linear generators [9]), 
increasing grid integration costs and requiring oversized WEC genera
tors and power electronics when a reactive control is implemented [10] 
(making them more expensive to build), and must also be considered in 
the sizing of transmission cables due to the associated current ratings 
and thermal constraints [11]. Nevertheless, these fluctuations are ex
pected to be mitigated in a farm with tens or hundreds of converters 
exporting power to shore [12], as the power output will be much 
smoother due to phase and amplitude cancellation when a proper farm 
planning is implemented [13]. This issue affects WEC performance to 
varying extents, depending on the operating principle; it could be 
particularly pronounced in direct-drive power-take-off (PTO) [14], 
while it can be tackled more easily in oscillating water columns (OWC) 
as the air turbine’s flywheel effect stores kinetic energy, enabling 
smoother mechanical-to-electrical conversion and filtering power os
cillations [15].

Given the variability of wave resources and the strict grid con
straints, WEC control is crucial for maximizing and stabilizing power 
output while adhering to grid code requirements [16]. Apart from the 
grid restrictions, each of the components of WECs might add extra 
constraints to the conversion process, such as force, displacement, or 
speed limitations. In general, these components are designed to perform 
more efficiently close to nominal conditions, losing performance when 
operating far from these design conditions. Furthermore, component’s 
design must guarantee reliability by ensuring that fatigue failure does 
not happen before the lifespan, while ensuring survivability in harsh 
offshore conditions as well. Therefore, design approaches must balance 
these constraints with cost-benefit trade-offs to enhance market 
competitiveness.

Eventually, the path to wave energy commercialization hinges on 
lowering the levelized cost of energy (LCOE) by reducing OpEx, CapEx, 
and capital costs while enhancing power generation. Cost reduction 
involves new materials, cheaper components, efficient manufacturing, 
optimized logistics, and improved WEC reliability. Increasing power 
output requires better WEC response across spectral frequencies. This 
involves broadening the absorption bandwidth, which can be achieved 
by controlling more effectively the system’s reactance to improve its 
resonance characteristics. Different design strategies, based on the same 
principle, have been adapted to concepts varying in scale, visibility, 
power-take-off system, and working principle, ranging from capturing 
the wave’s up-and-down (heave) movement to its to-and-fro (surge) 
motion to drive the power-take-off system.

This study focuses on point absorber WECs, as they represent the 
most promising technologies under development. Point absorbers are 
characterized by a length much smaller than the wavelength, resulting 
in hydrostatic restoring forces dominating over inertia. Using the elec
tric analogue [17], their mechanical reactance is primarily capacitive (i. 
e. the ability of the hydrostatic spring to store potential energy), while 
inductive reactance (i.e. the inductance or mass’s ability to store kinetic 
energy) is less relevant in the most energetic sea frequencies. This poses 
a challenge for the WEC design, as canceling system reactance requires a 
spring force acting with, rather than against, motion - complicating 
resonance-based tuning and control.

Point absorbers fall into two main types: single-body systems 

reacting against a fixed seabed point and two-body systems utilizing 
relative motion between the two bodies for energy conversion. This 
study focuses on the latter, though findings also apply to single-body 
systems. Building on previous research [18], which demonstrated that, 
assuming linearity, a two-body system is equivalent to a one-mode, 
one-body system, this study applies the electric analogue approach 
[19], and Thevenin’s theorem [20] to evaluate power absorption in 
spar-type axisymmetric two-body heaving systems. It examines condi
tions under which these systems can achieve the theoretical maximum 
power absorption of a single body heaving point absorber while using a 
power take-off mechanism that restricts only relative motion.

This work also presents and analyzes a conceptual mass transfer 
mechanism (MTM) that shifts mass between the two bodies based on 
relative displacement, helping control WEC reactance to improve energy 
capture and expand the typically narrow bandwidth of point absorbers. 
Studies on reactance control [21] are usually focused on frequency 
domain formulations of impedance-based control [22], or time domain 
implementations of advanced control techniques, such as model pre
dicted control [23], deep reinforcement learning [24], or inverse fuzzy 
model control [25], but without any additional mechanism to actively 
change the hydrodynamics of the WECs. Mechanical approaches based 
on the inclusion of additional systems focused on forcing the mechanical 
resonance (to enhance power capture and/or bandwidth) has been 
analyzed, such as biostable mechanic systems [26], double linear gen
erators coupled by springs [27], a compressible degree of freedom using 
air volumes [28], or a 2:1 heave-to-pitch WEC coupled with a pendulum 
[29]. The proposed MTM are framed in the latter, with a novel proposal 
of inclusion of an additional systems, and the analysis carried out pre
sents the energy extraction analysis in frequency domain. Optimal 
(reactance) control - control that maximizes the mechanical energy 
extracted from the waves - is typically formulated in the frequency 
domain and expressed as an optimal impedance value [17]. Alternative 
frequency formulations of this optimal control strategy have been pro
posed, where the control law is expressed in terms of a force command 
-instead of an impedance value- and in terms of electric power in order 
to account for PTO losses [30] and to address maximum force, velocity 
limitations or avoid end-stop collisions [31]. Expansions of the 
frequency-domain equations to account for additional effects, such as 
mooring dynamics, as well as the coupling of heave motion with other 
degrees of freedom has been considered too [19]. The present study 
extends the frequency-domain formulation by incorporating the addi
tional terms associated with the additional systems that introduce the 
MTM technique (the change in the equations’ parameters due to mass 
transfer), changing the optimal control equations in consequence. This 
technique for controlling reactance is expected to boost power genera
tion and quality by enabling energy absorption across a wider range of 
wave frequencies, reducing peak-to-average power variations and 
smoothing output. However, as noted at the end of this paper, further 
research is needed to evaluate the effectiveness and practicability of the 
proposed design approach.

2. Phenomenological discussion

Most of point absorber concepts under development are axisym
metric floating devices and its working principle is based on the vertical 
motion of a body or the relative motion between two bodies oscillating 
in the same mode, heave in most cases [6,32]. For this reason, it is the 
type of device that we consider in this analysis, namely spar-type 
axisymmetric two-body self-reacting heaving systems (see Fig. 1). This 
implies that: the floater (body 1) is force reacting against a reaction spar 
(body 2), formed by a vertical structure rigidly connected to a sub
merged mass (or an inertial plate with an equivalent effect). The PTO 
equipment can include mechanical systems like a rack and pinion or a 
hydraulic system driving a rotating generator, or direct-drive linear 
generators, among others [14,33]. The study consists of an analytical 
assessment supported by numerical simulations using the numerical tool 
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WAMIT, a 3D boundary element code based on linear wave theory, 
widely used to analyze wave-structure interactions in offshore envi
ronments [34]. WAMIT employs the boundary element method (BEM) to 
solve wave loads and motions through a potential flow model with linear 
boundary conditions. WAMIT is widely used in the industry and has 
been extensively validated through experimental data.

When analyzing a WEC merely in its energy-extracting mode (1- 
DOF) (heave in this study), mooring loads are typically neglected, as the 
mooring system primarily ensures positional stability without signifi
cantly impacting energy capture. This simplification allows clearer 
assessment of how test parameters affect WEC performance. Although 
the methodology used here focuses on the concepts mentioned above, it 
can easily be extended to cover other types of wave energy converters 
and operating principles based on other energy-extracting modes.

2.1. Two-body systems

This study presents a conceptual theoretical analysis of mass transfer 
as a strategy to broaden the capture bandwidth of a spar-type, axisym
metric two-body heaving point absorber. Practical implementation is 
not addressed here but will be explored in future work, focusing on two 
classes of spar-type WECs: force-reacting systems and floating oscillating 
water columns (OWCs). For floating OWCs, mass transfer can be readily 
engineered by redesigning the structure to include an aperture in the 
spar tube within the top floater, enabling bidirectional water flow be
tween the water column (body-2) and the surrounding structure (body- 
1). In contrast, implementation in self-reacting two-body point ab
sorbers is likely more complex. One possible approach involves chan
neled water tanks that transfer water between reservoirs based on their 
relative positions. Alternatively, transferring fluids denser than water 
could amplify the desired effect with smaller volumes, offering a more 
compact solution.

In the following analysis, the heave velocities of the two bodies are 
denoted by u3(t) for body 1 and u9(t) for body 2, and the heave exci
tation forces, caused by incident waves assuming that both bodies are 
still, are represented by f3(t) and f9(t). Their Fourier-transformed 
counterparts (functions of the angular frequency ω) are denoted by 
U3, U9, F3 and F9, respectively. In accordance, the mass and hydrostatic 
buoyancy are given by m3 and C3 for body 1 and m9 and C9 for body 2. 

The notation used herein is consistent with WAMIT [34] and NEMOH 
[35], where the indices 3 and 9 correspond to the heave mode of body 1 
and body 2, respectively.

For the sake of clarity of the mathematical formulation, it is conve
nient to define the velocity and excitation force vectors as two- 
dimensional column vectors, that is, 

U=

[
U3
U9

]

and Fe =

[
F3
F9

]

. (1) 

In addition to the excitation force Fe caused by the incoming waves in 
both bodies 1 and 2, there is an added force on the captor generated by 
the oscillatory motions. Whenever the bodies oscillate, a wave is radi
ated. This force, called radiation force, Fr, is given by, 

Fr = − ZU, (2) 

where Z represents the radiation impedance matrix, a transfer function 
of a linear system where U and Fr are the system input and output, 
respectively. The radiation impedance can be written as 

Z=

[
Z3 Z39
Z93 Z9

]

= − B + iωA, (3) 

where, B is the radiation resistance matrix (real part of Z), and A the 
hydrodynamic added mass matrix (ωA is the imaginary part of Z). 
Therefore, the radiation force embodies a resistive term, proportional to 
the velocity complex amplitude, and an inertial term, proportional to the 
acceleration complex amplitude. The damping coefficient is thus related 
to the time average energy flux transmitted to the fluid by the body 
oscillations, which propagates away from the body. The energy involved 
in this process is resistive as it is associated with a damping effect. On the 
other hand, the added mass coefficient corresponds to an inertial 
increment due to the water displaced in the body vicinity when the body 
moves. The energy involved in this process is reactive as it flows alter
nately between the body and the fluid. According to the electrical 
analogy explored later, the added mass and the damping coefficients 
represent radiation reactance and radiation resistance effects, respec
tively.

It should be noted that Z, B and A are symmetric matrices. The matrix 
elements Z39 and Z93 (commonly referred as Zc ) represent the hydro
dynamic radiation coupling between the two bodies.

In the connection between the two bodies the PTO mechanism is 
incorporated to convert mechanical energy into electricity and to con
trol the performance of the WEC to achieve maximum energy conversion 
under different sea states. The PTO equipment (not specified here), 
supplies a force, Fpto, given by 

Fpto = − Zpto(U3 − U9)= − ZptoUr, (4) 

where Zpto is a complex load impedance and Ur the relative velocity. The 
sign of Fpto is chosen so that it adds and subtracts to the heave force on 
bodies 1 and 2, respectively. If the PTO is passive, supplying a purely 
resistive load (i.e., with no reactance), Zpto is purely real, representing 
only a mechanical load resistance.

For a more realistic system representation, viscous loss can be 
incorporated into the dynamics. In a linear system, it is modeled as 
proportional to velocity, with loss resistance as the proportionality 
constant (i.e., Fvj = − ViUj, with j = 3, 9 being Vi is the loss resistance). 
However, for simplicity, we neglect, as before, the viscous forces in the 
discussion that follows.

Eventually, the linear-system model of a two-body WEC is expressed, 
in matrix form, by the motion equations, 
[

Z3 + Zpto Zc − Zpto
Zc − Zpto Z9 + Zpto

][
U3
U9

]

=

[
F3
F9

]

, (5) 

where, besides the PTO load impedance, Zpto, we have introduced the 
diagonal elements of the impedance matrix, Zk for k = {3,9}, and the 

Fig. 1. Schematic representation of the two-body spar-type WEC considered in 
this study: a self-reacting heaving system consisting of a surface body or floater 
(body 1) that reacts against a spar former by a vertical structure connected to a 
submerged mass (body 2).
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cross-coupling (off-diagonal) elements Zc= Z39= Z93. These impedances 
are decomposed into their real (resistive) parts, R, and imaginary 
(reactive) parts, X, as, 

Zk =Rk + iXk, for k = {3,9}, and Zc = Rc + iXc, (6) 

where the resistive components are given by, 

Rk =Bkk, and Rc = B39 = B93, (7) 

and the reactive components obtained from, 

Xk =ω
(

mk +Akk −
Ck

ω2

)

, and Xc =ωA39 =ωA93. (8) 

The impedances Z3 Z9 and Zc are independent of the load impedance 
Zpto, and so they represent intrinsic (hydrodynamic and hydrostatic) 
properties of the two-body system.

2.2. Equivalent single-body system

This subsection develops the one-body equivalent model for the two- 
body WEC using Thévenin’s theorem [20,30], a fundamental principle 
in electrical circuit analysis. The approach aligns with J. Falnes’ work on 
wave energy conversion through the relative motion of two single-mode 
oscillating bodies [18]. This equivalent model offers two main advan
tages: (1) it allows direct comparison of energy extraction performance 
between single-body systems (e.g., point absorbers reacting against the 
seabed) and two- or multi-body systems (e.g., two-body point absorbers 
or floating OWC devices); and (2) it enables the application of energy 
extraction and optimal control formulations, originally developed for 
single-body systems, to two-body configurations. To achieve this, the 
total excitation force on both bodies is determined (i.e. the wave force 
when both bodies are fixed) by summing the two scalar equations in the 
matrix, Eq. (5), yielding, 

(Z3 +Zc)U3 +(Z9 +Zc)U9 =F3 + F9. (9) 

Note that the summation of the two scalar equations eliminates the 
mechanical load impedance, Zpto, from the left-hand side of Eq. (9). 
When Zpto→∞ the two bodies are bound to move together as a single 
combined body and so U9 = U3 = U0. In this case, Eq. (9) assumes the 
form 

Z0U0 = F3 + F9 = F, (10) 

where 

Z0= Z3 +Z9 + 2Zc (11) 

represents the mechanical impedance of the combined body. If the 
impedance Z0 ∕= 0, Eq. (10) shows that U0 = 0 in the case of ideal force 
compensation, i.e. F9= − F3. To allow large relative motions without 
causing significant nonlinearities (e.g., due to significant variations in 
the floater’s water-plane area or large displacements), the WEC design 
should enable U0 to be relatively small, which means either small F 
(approximate force compensation) or large Z0.

The PTO force exerted between the two bodies may be rewritten as 

Fpto = −
1
2
(F3 − F9 − Z3U3 +Z9U9 +ZcUr), (12) 

which is obtained by subtracting the two scalar equations repre
sented in matrix Eq. (4). Using Eq. (12), the force induced by the waves 
on the connecting interface when both bodies are rigidly connected (i.e., 
when Zpto→∞), is obtained from 

F0 = − Fpto(Zpto→∞) =
1
2
[F3 − F9 − (Z3 − Z9)U0] =

F3(Z9 + Zc) − F9(Z3 + Zc)

Z0
.

(13) 

Furthermore, by solving the 2 × 2 system of scalar equations, Eq. (5), 

and combining the result with Eq. (13), the relative velocity, Ur = U3 −

U9, can be expressed as 

Ur =
F3(Z9 + Zc) − F9(Z3 + Zc)

Z3Z9 − Z2
c + Z0Zpto

=
F0

Zi + Zpto
, (14) 

where Zi is given by 

Zi =
Z3Z9 − Z2

c
Z0

=
Z3Z9 − Z2

c
Z3+Z9 + 2Zc

. (15) 

Eq. (14) yields the very useful one-body equivalent model for the 
two-body WEC, where F0 represents the equivalent excitation force, i.e., 
the wave-induced force in the connection between the two bodies when 
there is no relative motion (U3 = U9 = U0), which occurs when Zpto→∞. 
Furthermore, Zi denotes the equivalent intrinsic impedance, i.e., the 
ratio between F0 and Ur when Zpto = 0. In this case, the force applied 
between the two bodies vanishes, Zpto = 0, and so there is no mechan
ical, but only hydrodynamic coupling between the two bodies.

2.3. Simplification of the one-body WEC equivalent model

For two-body WECs, as with one-body systems, the energy harvested 
is maximized when the wave-induced force on the connection between 
the two bodies, F0, and the relative velocity, Ur, are in phase. To explore 
this possibility, it is convenient to first evaluate the system’s dynamics 
without a PTO in the connection between the two bodies. In this case, by 
applying Eq. (6), Eq. (14) expands as follows 

Ur =
F0

Zi
=
[F3(R9 + Rc) − F9(R3 + Rc)] + i[F3X9 − F9X3 + Xc(F3 − F9)]

[
R3R9 − R2

c − X3X9 + X2
c
]
+ i[R9X3 + R3X9 − 2RcXc]

.

(16) 

Examining Eq. (16) provides insights into the factors that influence 
energy maximization. To this end, we first examined the real part of the 
numerator of Eq. (16), which can easily be concluded to be zero. By 
combining the Haskind relation, which establishes an alternative way to 
compute the excitation force using the radiation potential (either at the 
body wet surface or at a control surface in the far-field region [17]), with 
the reciprocity relation, which defines the radiation-resistance matrix1

in terms of far-field quantities (based on the principle that the energy 
radiated from an oscillating body can be losslessly recovered in the 
far-field region, assuming an ideal fluid), the radiation-resistance matrix 
for an axisymmetric two-body WEC constrained to vertical oscillations 
can be expressed as 

Bij =
k
8J

FiF*
j , (17) 

where the indices i and j refer to the vertical degrees-of-freedom (DOF) 
of the floater (body 1) and the reaction spar (body 2), denoted 
commonly by the subscript 3 and 9, respectively. In this case, the di
agonal terms of the radiation matrix reduce to B33 = k/8J|F3|

2 and  
B99 = k/8J|F9|

2.
Considering the simplified form of the radiation-resistance matrix, 

Eq. (17), it can be concluded, after straightforward mathematical ma
nipulations, where viscous effects are neglected (i.e., R3 = B33), that the 
real part of the numerator of the relative velocity, Eq. (16), cancels out, i. 
e., 

1 The radiation-resistance matrix in Eq. (17) is a special case of a general 
expression that establishes a direct relationship between a body’s ability to 
radiate waves in a given direction and the excitation force exerted by an inci
dent plane wave from the same direction. It is given by. 

Bij =
k

16πJ

∫ π

− π
Fi(β)F*

j (β)
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F3(R9 +Rc) − F9(R3 +Rc)=0. (18) 

Further simplifications arise because, for small bodies (point ab
sorbers), radiation impedance is typically dominated by radiation 
reactance, i.e., Xij≫Rij. Additionally, off-diagonal (cross-coupling) hy
drodynamic coefficients are usually much smaller than the diagonal 
(direct) terms, i.e., B33≫B39≪B99 and A33≫A39≪A99. This last aspect is 
particularly emphasized in the design approach explored in this study, in 
which the two bodies of the point absorber tend to be quite apart (see 
Fig. 1). With these simplifications, the real part of the denominator of 
the relative velocity in Eq. (16) reduces to 

R3R9 − R2
c − X3X9 + X2

c ≅ − X3X9. (19) 

Furthermore, considering once again that the cross-coupling hydro
dynamic coefficients are negligible when compared to the diagonal el
ements, the imaginary part of the numerator of the relative velocity, 
Eq. (16), takes the simplified form, 

F3X9 − F9X3 +Xc(F3 − F9) ≅ F3X9 − F9X3. (20) 

The point absorber design approach discussed here is based on the 
principle that the floater serves as the primary structural component 
responsible for the wave-radiation pattern, i.e. R3≫R9≫Rc, and thus, 
according to the Haskind’s relation, F3≫F9 (see Eq. (17)), we might 
conclude that F3X9≫F9X3, suggesting that a further simplification could 
be made by neglecting the term F9X3. This is true to some extent, except 
at low frequencies where the excitation force (per unit incident wave 
amplitude) on heaving bodies approaches the hydrostatic restoring co
efficient, which physically means that the whole device moves with the 
wave for long waves. In addition, when the frequency approaches zero, 
the intrinsic reactance can be considerably high since it is dominated by 
the capacitive reactance, C3/ω, which would increase up to infinity (for 
low frequencies the inductive reactance, ω(m9 + A99), is cancelled). 
Therefore, neglecting the term F9X3 is often an overly simplistic 
approximation and so the two imaginary components, F3X9 − F9X3, 
must be considered.

Finally, evaluating the imaginary part of the denominator reveals 
that the term R3X9 is dominant over the other two terms, which allows 

the simplification, 

R9X3 +R3X9 − 2RcXc ≅ R3X9. (21) 

This simplification results from the fact that the wave-radiation 
pattern is mainly driven by the floater’s dynamics, given that R3≫R9, 
and the off-diagonal hydrodynamic coefficients are significantly smaller 
than the diagonal elements, as noted above. Therefore, the cross- 
coupling reactance, Xc, which consists only of an inductive reactance 
term, ωA39, is less relevant that the intrinsic inductive reactance of the 
floater, ω(m3 + A33), or the reaction spar, ω(m9 + A99). Thus, since 
R3≫Rc≪R9, the term 2RcXc can be disregarded whenever the design 
approach followed here is applied. Furthermore, since R9 has minimal 
impact on the two-body equivalent resistance, R9X3 can also be dis
regarded. This is expected, as the resistance, R9, decreases to zero at low 
frequencies, which offsets the increase of the reactance, X3, caused by 
the augment of the capacitive reactance, C3/ω, up to infinity as the 
frequency approaches zero. The radiation cancels for long waves 
because the device oscillates in sync with the free surface elevation, 
resulting in no relative motion between the waves and the device. This 
means that the excitation force is in phase with the displacement, 
resulting in a null resistive component of the impedance.

To justify their application, Fig. 2 confirms the validity of the as
sumptions and simplifications previously discussed for axisymmetric 
two-body self-reacting WECs oscillating vertically. The top-left quadrant 
decomposes the real part of the numerator of Eq. (16), confirming that it 
is inherently zero. The remaining quadrants compare the imaginary and 
real parts of the denominator, as well as the imaginary parts of the 
numerator, with the simplified expressions derived from the preceding 
discussion (indicated by white dots), showing that the differences are 
negligible.

Eventually, introducing the simplifications discussed above in the 
relative velocity, Ur, expressed by Eq. (16), the one-body equivalent 
model for the two-body WEC degenerates into 

Ur =
i[F3X9 − F9X3]

− X3X9 + iR3X9
. (22) 

The term R9X3 is disregarded in the imaginary part of the 

Fig. 2. Axisymmetric two-body self-reacting heaving WECs. Graphic representation of the magnitude of the real and imaginary parts of the denominator and 
numerator of the complex amplitude of the relative velocity, considering the simplifications stressed above: Breakdown of the real part of the numerator into its 
components (top left); original and simplified form of the imaginary part of the numerator (top right); original and simplified form of the real part of the denominator 
(bottom left); original and simplified form of the imaginary part of the denominator (bottom right).
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denominator, while F9X3 is retained in the numerator of Eq. (22), 
because the hydrodynamic damping at low frequencies tends to zero (for 
long waves the body follows the movement of the free surface and thus it 
is unable to radiate waves), while the excitation force tends to the hy
drostatic coefficient (for unit amplitude waves). However, except at low 
frequencies, the term F9X3 is of minor importance, primarily due to the 
relatively low dynamic pressure at the deep location of the reaction spar.

3. Quasi-passive reactance control by means of an MTM

Point absorber WECs are defined by a characteristic length, typically 
the diameter, much smaller than the incoming wavelength, as noted 
before. This makes hydrostatic restoring forces dominant over inertia 
forces at common wave frequencies, leading the mechanical reactance 
to be predominantly capacitive, with little inductive reactance influ
ence. Making use of the electric analogue [17,18], the capacitive reac
tance can be seen as the ability of the hydrostatic spring to store 

potential energy and conversely the inductive reactance as the mass’s 
ability to store kinetic energy.

In the discussion that follows we consider a mass transfer mechanism 
(MMT) as an alternative technique to control de reactance of two-body 
axisymmetric self-reacting WECs oscillating vertically, that consists of 
moving mass back and forth from one body to the other, depending on 
the relative displacement between them. Conceptually, different mate
rials with different densities can be considered to maximize the intended 
effect. The variable mass of the body/ies due to the transfer mechanism 
is given by 

m(t)=m0 − m̂teiωt (23) 

where m0 represents the mass of the body/ies in undisturbed conditions 
and m̂t the complex amplitude of the oscillating mass between both 
bodies. The mass transfer has an impact on the system capacitive reac
tance, since it changes the hydrostatic restoring effect, and on the 
inductive reactance, as the kinetic energy stored also changes with the 
variation of the body mass. The oscillating mass term in Eq. (23) gen
erates a second-order inertial term (the new mass term times accelera
tion), which is neglected according to linear theory, as assumed in this 
work. Therefore, the effect of the transfer mass in the inductive reac
tance is negligible. Reevaluating the hydrostatic restoring force is 
needed to assess the oscillating mass’s impact on capacitive reactance, 
as it alters the balance between weight, W, and buoyancy, I. The next 
subsection details this reassessment.

3.1. Hydrostatic restoring force

In self-reacting two-body systems, the amended hydrostatic restoring 
force due to the MTM is given (for sinusoidal waves) by 

fhsi (t)=W − I= g
(
m0i − m̂teiωt) − g

(
m0i − ρSi ẑieiωt), (24) 

where W represents the body weight and I its buoyancy. Furthermore, Si 

embodies the body water-plane area and ̂zi the complex amplitude of the 
body vertical displacement, in which the index i denotes body one (i =

3, the floater), or body two (i = 9, the reaction spar). From, Eq. (24) it 
follows that the complex amplitude of the hydrostatic force, takes the 
form 

F̂hsi = ρgSi ẑi − Γ
(
ẑi − ẑj

)
= ρgSi ẑi − Γẑr, (25) 

in which the term Γẑr = gm̂t represents the correction to the hydrostatic 
force due to the mass transfer between the two bodies. Here, Γ is the 
mass transfer coefficient and ẑr = ẑ3 − ẑ9 denotes the complex ampli
tude of the relative displacement. To some extent, Γ acts as a reduction 
in the hydrostatic restoring coefficient, improving the WEC tuning for a 
more effective response to incoming waves with a better balance be
tween energy content and occurrence probability. This effect could be 
amplified by using a smaller volume of high-density material, achieving 
the desired mass transfer more efficiently.

The modification of the hydrostatic restoring force caused by mass 
transfer changes the reactance characteristics of the bodies (including 
the cross-coupling reactance), thereby impacting the dynamic behavior 
of the WEC and its relative velocity. By combining Eq. (14) with the 
impedance equations, Eq. (6), the modified relative velocity, Ur, due to 
mass transfer can be expressed in its expanded form as,  

where Γ/ω is the capacitive reactance associated to the MTM. By 
examining Eq. (26), as done with Eq. (16), we can observe that the real 
and imaginary parts of the numerator (relat2ed to the excitation force on 
the WEC) remain unchanged, since the cross-coupling effect caused by 
the mass transfer between the two bodies cancels mutually. On the other 
hand, both the real and imaginary parts of the denominator (related to 
the intrinsic floating body resistance and reactance, respectively) will be 
modified due to changes in the restoring force, and thus in the natural 
response of the two-body system. According to the simplifications/as
sumptions discussed in subsection 2.1.2, based on the lower relevance of 
the off-diagonal coefficients when compared to the diagonal terms in the 
point absorber design approach considered here, we can rewrite Eq. (26)
in a simplified form as 

Ur =
i(F3X9 − F9X3)[

− X3X9 −
Γ
ω (X3 + X9)

]
+ i

[
R3X9 +

Γ
ω (R3 + R9)

] . (27) 

Theoretically, we can consider a system in which the equivalent 
excitation force is in phase with the relative velocity, effectively 
canceling the reactance through a well-suited characterization of the 
mass transfer coefficient between the two bodies. This occurs whenever, 

− X3X9 −
Γ
ω (X3 +X9) ≅ 0. (28) 

It may appear that the equivalent excitation force is in phase with the 
relative velocity when the denominator of Eq. (27) becomes real. 
However, this is not the case, as both the numerator and denominator 
must be divided by the combined body’s mechanical impedance, Z0, to 
properly represent the equivalent excitation force and inherent imped
ance (see Eq. (15)). It turns out that Z0 is approximately imaginary 
because, as previously noted, the radiation impedance for small bodies is 
largely dominated by the radiation reactance (i.e., Xij≫Rij) and the off- 
diagonal hydrodynamic coefficients are generally much smaller than the 
diagonal terms. That said, the inherent impedance is real, and thus the 
excitation force is in phase with the relative velocity, whenever the real 
term, not the imaginary term, of the denominator in Eq. (27) is canceled.

According to Eq. (28), the mass transfer coefficient that cancels the 
intrinsic reactance is obtained from, 

Ur =
[F3(R9 + Rc) − F9(R3 + Rc)] + i[F3X9 − F9X3 + Xc(F3 − F9)][(

R3R9 − R2
c − X3X9 + X2

c
)
− Γ

ω (X3 + X9 + 2Xc)
]
+ i

[
(R9X3 + R3X9 − 2RcXc) +

Γ
ω (R3 + R9 + 2Rc)

] , (26) 
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Γ= − ω X3X9

X3 + X9
, (29) 

and thus, the complex amplitude of the mass that needs to be transferred 
between the two bodies to theoretically cancel the intrinsic reactance is 
given by, 

gm̂t ≅ Γẑr = − ω X3X9

X3 + X9
ẑr. (30) 

Fig. 3 shows the effect of integrating a MTM to modify de reactance 
of two-body WECs. As expected, the figure shows, on the left, an addi
tional resonance, caused by the mass transfer, among the resonance 
frequency of body 1 (at lowest frequency) and body 2 (at the highest 
frequency). This new resonance frequency, marked by the gray square 
mark in the left graphics, is verified for a constant mass transfer coef
ficient, Γ. Therefore, theoretically, a frequency-dependent Γ, could 
further cancel the reactance over a wider range, significantly increasing 
the capture width.

3.2. Power take-off equipment

Up to this point, we have studied the dynamics of free-floating sys
tems without equipment for converting wave energy into electricity. 
Although, to fully describe the WEC behavior we need to include a 
mechanism with which the absorbed energy by the primary converter is 
transformed into useable electricity, i.e., a power take-off (PTO) 
equipment. By doing so, and applying the discussed assumptions and 
simplifications to the two-body WEC design explored here, Eq. (27)
becomes  

where the PTO impedance, Zpto = Rpto + iKpto, consists of a resistance, 
Rpto, which enables electricity generation, and a capacitive reactance, 
Kpto. Moreover, Ω = Γ/ω + Kpto represents the combined capacitive 
reactance associated with the MTM and the PTO. Unlike the previous 
assumptions in Eqs. (22) and (27), the term R9X3, in the imaginary part 
of the denominator in Eq. (31) was not omitted, despite typically being 
much smaller than R3X9, as explained in Section 2.1.2 (see Eq. (19)). 
This is justified because the term R9X3 becomes dominant (despite being 
very small, since R9 ≅ 0) whenever X9 is zero or very close to zero, 
situation in which the resonance of the reaction spar’s heave motion in 

self-reacting two body WECs occurs. Thus, by considering the term R9X3 
in Eq. (31) we avoid a singularity at the frequency that cancels the re
action spar’s reactance (X9 = 0) under optimal absorption conditions, as 
we will see below.

From Eq. (31), the average useful power capture can be written as 

Pa =
1
2
Rpto|Ur|

2
=

1
8
|F0|

2

Ri

4μ
(1 + μ)2( 1 + λ2) , (32) 

where, in accordance with Eq. (13), F0 is given by, 

F0 =
i(F3X9 − F9X3)

R3 + i(X3 + X9)
, (33) 

and the dimensionless parameters λ and μ are defined by 

λ=
Xi

Ri + Rpto
(34) 

and 

μ=
Rpto

Ri
, (35) 

the first representing the ratio between the intrinsic reactance of the 
WEC and its resistance (i.e., the relationship between the energy stored 
and the energy dissipated per cycle), while the second reflects the 
relative importance of the PTO load resistance compared to the WEC’s 
inherent energy dissipation (hydrodynamic damping). The resistive and 
the reactive components of the inherent impedance, Ri and Xi, are ob
tained, according to Eq. (15), from 

Ri =
R3X2

9 + R9X3(X3 + X9)

R2
3 + (X3 + X9)

2 ≅ R3

(
X9

X3 + X9

)2

+ R9
X3

X3 + X9
, (36) 

and 

Xi =
X3X9(X3 + X9) + Γ

/
ω
[
R2

3 + (X3 + X9)
2]

R2
3 + (X3 + X9)

2 ≅
X3X9

X3 + X9
+

Γ
ω . (37) 

As with a single-body systems, optimal power absorption is achieved 
when the PTO impedance has a reactance that cancels the intrinsic 

Fig. 3. Breakdown of the real part (left) and imaginary part (right) of the denominator of the relative velocity complex amplitude for axisymmetric two-body self- 
reacting heaving WECs, considering the simplifications discussed above. On the left: additional resonance, represented by the gray square mark (located between 
the two white squa2res corresponding to the natural frequencies of each of the two bodies), caused by mass transfer. On the right: increased damping due to 
mass transfer.

Ur =
F0

Zi + Zpto
=

i(F3X9 − F9X3)[
− X3X9 − Ω(X3 + X9) + RptoR3

]
+ i

[
R3X9 + R9X3 + ΩR3 + Rpto(X3 + X9)

] , (31) 
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reactance and a resistance that matches the equivalent single-body hy
drodynamic damping, in other words, the PTO impedance is equal to the 
complex conjugate of the intrinsic impedance, i.e., 

Zpto =Z*
i =

Z*
3Z*

9 − Z*
c

2

Z*
0

. (38) 

In this context, Zpto = Rpto + i
(
Kpto + Γ /ω

)
, assuming it includes both 

resistive and reactive components, with the MMT contributing to the 
latter. According to Eq. (32), the optimal PTO damping and spring co
efficients (including the mass transfer effect) that theoretically maxi
mize power harvesting, are given, respectively, by 

Rptoopt =
R3X2

9+R9X2
3+R9X3X9

R2
3 + (X3 + X9)

2 ≅ R3

(
X9

X3 + X9

)2

, (39) 

and 

Ωopt =
Γ
ω+Kptoopt = −

R2
3X9 + X3X9(X3 + X9) + R3R9X3

R2
3 + (X3 + X9)

2 ≅ −
X3X9

(X3 + X9)
.

(40) 

Eqs. (39) and (40) establish that maximum energy capture is ach
ieved when the combined hydrodynamic damping equals the PTO 
resistive load, i.e., Rpto = Ri, provided the WEC is resonant, i.e., Xi = 0 
(which also implies λ = 0). As an additional validation of Eqs. (39) and 
(40), it is insightful to analyze the hypothetical case, without mass 
transfer, in which the reaction spar in self-reacting two-body systems has 
a very large inertia (which restrains its motion), effectively reducing the 
WEC working principle to a single body (floater) oscillating vertically. In 
this case, Eqs. (39) and (40) show that both coefficients of the PTO load 
impedance, Rpto and Kpto, would converge to values that cancel the 
intrinsic impedance of a single body, so that the converted power is 
maximized (i.e., Rpto = R3 and Kpto = − X3, when m9→ ∞), which is a 
well-established theoretical result in the field of wave energy.

Fig. 4 shows the frequency dependence of the resistive and reactive 
coefficients under optimal capture conditions for the two-body WECs 
considered. It can be observed that the combined capacitive reactance, 
Ωopt, (from both the PTO spring, Kpto, and the MTM, Γ/ ω) required to 
cancel the system’s intrinsic reactance for optimal power capture is: 

i) positive for frequencies below the natural frequency of the re
action spar -body 2- (left white dot) and thus, theoretically, the 
reactance can be canceled by the ’negative spring’ effect from 
mass transfer, which counteracts the hydrostatic stiffness, S. 
However, energy capture is of little relevance in this frequency 
range, and thus the benefit of mass transfer is limited, since the 

intrinsic hydrodynamic radiation is very low, and accordingly, 
the optimal PTO resistance is also minimal, as Fig. 4 illustrates.

ii) negative within the frequency range between the natural fre
quencies of the reaction spar -body 2- (left white dot) and the 
combined body (gray dot). Therefore, it is needless to transfer 
mass among both bodies since it acts as a ’negative spring’ and, 
within this range, the reactance must be canceled with a ’positive 
spring’ provided by the PTO or any other auxiliary system.

iii) positive between the natural frequencies of the combined body 
(gray dot) and the floater -body 1- (right white dot) which means 
that the reactance can be canceled with a ’negative spring’ effect 
resulting from mass transfer. It is important to note that this 
frequency range is typically the most relevant for energy ab
sorption since the floater -body 1- is the body with greater 
resistive capabilities (higher hydrodynamic damping), which is 
essential for effective wave energy capture.

iv) negative for frequencies above the floater -body 1- natural fre
quency (left white dot) and thus, theoretically, the reactance 
must be canceled with a ’positive spring’ effect provided by the 
PTO or any other additional auxiliary system. Nevertheless, in 
this frequency range, wave energy capture is less significant due 
to the low energy content of the waves.

Eqs. (39) and (40) reflect the simplification that reactance dominates 
over resistance (i.e., R3< X3 + X9 and thus R2

3≪(X3 + X9)
2. While this 

assumption breaks down near the combined body resonance frequency, 
it remains valid in practice since energy capture is negligible at that 
point, as the WEC behaves as a single rigid body, with no relative motion 
between the spar and floater, causing the optimal PTO damping to 
approach infinity, as shown in Fig. 4.

From this point forward, we assume that the PTO introduces only 
resistive loads, and therefore, the reactive coefficient Kpto is neglected to 
isolate the potential impact of MTM on the WEC’s performance. Under 
these circumstances, the mass transfer is the only effect that counteracts 
the capacitance’s ability of the hydrostatic spring-like system to store 
potential energy, leading to a less stiff device. Theoretically, a PTO 
system could be designed to cancel the WEC’s intrinsic reactance, as 
previously discussed, functioning as a spring when inductive reactance 
outweighs capacitive reactance, or as a ’negative spring’ otherwise. In 
this way, the PTO could enable the WEC to operate in resonance under 
any condition. However, to better interpret the potential impact of mass 
transfer and its ’negative spring’ effect, that possibility is not considered 
here.

In optimal wave energy capture conditions, the equivalent excitation 
force F0 is in phase with the relative velocity, Ur, given by 

Uropt ≅
F3X9 − F9X3

2
(
R3X2

9 + R9X2
3
) (X3 +X9) (41) 

As anticipated, Eq. (41) shows that the optimal relative velocity, 
Uropt , becomes zero at the frequency corresponding to the combined body 
resonance, where X3 + X9 = 0. As hydrodynamic pressure decreases 
with depth, the excitation loads on the reaction spar are significantly 
reduced, and thus F9≪F3. This could lead to disregarding the second 
term in the numerator of Eq. (41); however, this simplification was not 
considered because, in certain circumstances, X9≪X3, which reduces the 
impact of the significantly higher excitation loads acting on the WEC 
floater. Similarly, following the same reasoning, we might consider 
omitting the second term in the denominator, R9X2

3, but despite its 
relevance around the frequency that cancels the reaction spar’s reac
tance (X9 = 0), suppressing it originates a singularity at that frequency, 
which is unrealistic. By applying the reciprocity relation for axisym
metric bodies in deep waters (where the depth function D(kh) ≅ 1), 
which states that R3,9 = ωk

⃒
⃒f3,9

⃒
⃒2/2ρg2 (with f3,9 = F3,9/A being the 

heave excitation force coefficient) and after straightforward mathe
matical manipulation, the optimal converted power can be expresses as 

Fig. 4. PTO resistive/damping coefficient (Ropt) and reactive/spring coefficient 
(Ωopt) for two-body self-reacting systems under optimal wave energy cap
ture conditions.
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Popt =
1
8
|F0|

2

Ri
≅

|F3|
2

8R3
ψ, (42) 

where ψ is a coefficient, ranging between 0 and 1, representing the 
power reduction factor for two-body systems, defined by 

ψ=
(1 − β)2

1 + β2 , (43) 

in which 

β=
F9

X9

X3

F3
(44) 

It is important to note that in the mathematical derivation of Eq. (42)
it was assumed that β = |β|. The validity of this assumption is supported 
by the fact that the complex amplitude of the excitation forces on both 
bodies, F3 and F9 (per unit incident wave amplitude), are approximately 
real (besides the fact that F3 and F9 exhibit a phase lag of roughly 0◦ or 
180◦), as shown in Fig. 5 (right), which leads to the conclusion that β is 
real. In addition, F9 and X9 generally have opposite signs, as both reverse 
sign at resonance. As the reactance typically dominates over resistance, 
we can state that below the resonance frequency F9 > 0 and X9 < 0, with 
X9 primarily governed by hydrostatic stiffness. The opposite occurs at 
frequencies above resonance, where X9 is primarily dominated by in
ertial effects. Applying the same reasoning to F3 and X3 we can 
conclusion that β is real and positive and tend to zero tends to zero for 
high frequencies. Therefore, we can ultimately conclude that β ≥ 0, as 
shown in Fig. 5 (middle), which implies that (1 − β)2

/
(
1 − β2)≤ 1, as 

illustrated in Fig. 5 (left). This highlights the well-known result that the 
optimal converted power of a two-body system does not exceed that of a 
single-body system. In Fig. 5, white and black dots in the right subplot 
represent the simulated frequencies, where a very small step of 0.015 
rad/s was considered.

Eq. (43) shows that the coefficient β must be zero for a two-body 
system to reach the theoretical maximum power absorption of a 
single-body WEC, a limit that cannot be exceeded, regardless of the 
number of bodies in the system, as represented in Fig. 5. Notably, the 
design approach adopted here makes achieving β values close to zero 
relatively straightforward, as the excitation force on the reaction spar is 
of small amplitude (F9≪F3) due to its depth. To some extent, the 
β-dependent ratio in Eq. (43) acts as a correction due to the presence of a 
second body.

The optimal absorption condition may result in unrealistic WEC os
cillations, as optimal velocity amplitude scales with the equivalent 
excitation force, F0, which in turn depends on the amplitude of the 
incident waves. Therefore, optimal absorption is only feasible when 
wave amplitudes remain below the WEC’s designed maximum stroke 
limit. For larger values of F0, or higher incident waves, the velocity 
amplitude must be upper bounded, i.e., Umax < Uopt, [18,31]. Whenever 

this restricted condition is applicable, the suboptimal maximum time 
average converted power is obtained from, 

Ps− opt =
1
2
|F0|

Ri
Umax −

1
2
RiU2

max. (45) 

After lengthy but straightforward algebraic manipulation, Eq. (45)
takes the form, 

Ps− opt ≅
1
8
|F3|

2

R3

(1 − β)2

1 + β2

(
1 − |ν − 1|2

)
, (46) 

where ν denotes the ratio between the upper bounded and the optimal 
velocity, i.e., ν = Umax/Uopt.

The parentheses on the right-hand side of Eq. (46) quantify the 
reduction in potential converted power imposed by the amplitude 
constraint, relative to the unconstrained case in Eq. (42). Consistent with 
Eq. (46), the absorption width, defined as the ratio of converted power 
to the incident wave-energy transport per unit frontage, J, is given by, 

Lcs− opt =
Propt

J
≅

1
k
(1 − β)2

1 + β2

(
1 − |ν − 1|2

)
. (47) 

The optimal absorption width for spar-type two-body systems occurs 
for ν = 1, matching the theoretical maximum of a single body whenever 
β = 0. Similarly, the dimensionless power absorption is defined as the 
ratio of the suboptimal converted power to the theoretical maximum of a 
single-body system, i.e., 

P*
s− opt ≅

(1 − β)2

1 + β2

(
1 − |ν − 1|2

)
. (48) 

Assuming that the upper limit of the relative velocity is imposed 
solely by the PTO load resistance, which means that mechanical end- 

Fig. 5. Power reduction factor, ψ, for a generic self-reacting two-body spar-type WEC (left) and the corresponding β coefficient (middle), both influenced by the 
excitation forces on the two bodies, shown in terms of the magnitude and phase of their complex amplitude (right).

Fig. 6. Grayscale colormap showing the controller-dependent component as a 
function of both the ratio between PTO load resistance and the WEC’s inherent 
energy dissipation (hydrodynamic damping), μ, and the ratio between the 
intrinsic reactance and the overall WEC resistance, λ.
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stops are not required, the dimensionless power capture in Eq. (48) can 
be rewritten, using Eq. (32), as 

P*
s− opt ≅

(1 − β)2

1 + β2
4μ

(1 + μ)2( 1 + λ2) , (49) 

where the dimensionless parameters μ and λ are defined by Eqs. (34) and 
(35), respectively. When the PTO load impedance is either purely real 
or, if complex, unable to cancel the intrinsic reactance, the converted 
power is maximized when Rpto = |Zi|, which generalizes the specific 
case presented in Eq. (42). In these non-optimal conditions, the μ- and 
λ-dependent fraction in Eq. (49) reduces to 2⁄(1+μ).

For the most general case, Eq. (49) and Eq. (42), shows that the WEC 
performance is governed by three contributions: a shape-independent 
component, |F3|

2
/(8R3), representing the theoretical maximum for a 

single-body system; a shape-dependent factor, (1 − β)2
/
(
1 + β2), 

reflecting a conceptual limitation inherent to the energy extraction from 
the relative motion between two bodies; and a controller-dependent 
component, 4μ/

[
(1 + μ)2( 1 + λ2)], illustrated in Fig. 6, which cap

tures the additional constraint arising from the inability to fully cancel 
reactance and match the PTO resistance to the intrinsic hydrodynamic 
damping across the entire frequency spectrum.

Regardless of the case, maximizing power capture requires mini
mizing λ, which is naturally canceled at three frequencies when the 
transfer mass mechanism is disabled, namely, when the reactance of 
body 1 or body 2 is canceled (i.e., X3 = 0 or X9 = 0), and at the com
bined body resonance (i.e., X3 = − X9), as shown in Fig. 4. If the MTM is 
well-designed, it will shift the resonant frequencies, minimizing λ near 
the resonances of body 1 and body 2, while leaving the combined body 
resonance unaffected, where λ remains zero with or without mass 
transfer. This can be readily verified by substituting into Eq. (34) the 
intrinsic resistance and reactance of the two-body WEC, defined in terms 
of each body’s resistive and reactive components, as given by Eq. (36)
and Eq. (37), respectively. By doing so, and after some mathematical 
manipulation, the dimensionless parameter λ can be rewritten as 

λ=
(X3 + Γ/ω) + 2Γ

/
ω(X3/X9) + (X9 + Γ/ω)(X3/X9)

2

(
R3 + Rpto

)
+ 2Rpto(X3/X9) +

(
R9 + Rpto

)
(X3/X9)

2 ≅
X3 + Γ/ω
R3 + Rpto

.

(50) 

In Eq. (50) it was assumed, for practical reasons, that the potential 
widening of the capture bandwidth caused by the mass transfer is pre
dominantly centered around the resonance of body 1, as it is the primary 
contributor to the radiation characteristics of the WEC, and thus X3/

X9 ≅ 0. Absorption near the resonance of body 2 is generally of minor 
practical relevance (despite potentially being high in theory) because its 
hydrodynamic radiation is limited. This is mainly due to its geometry 
and, more importantly, the depth of its center of gravity. Consequently, 
achieving effective energy absorption in this region would require un
realistically high motion amplitudes. Accordingly, the singularity in Eq. 
(50) (when X9 = 0) is disregarded, since the frequency range of interest 
does not include the resonance frequency of body 2.

3.2.1. Capture bandwidth widening
In the frequency range neighboring the resonance frequency of the 

floater (body 1), the relative absorbed power response, P*(ω)/ P*(ω0), is 
obtained from, 

P(ω)|F3(ω0)|
2

P(ω0)|F3(ω)|2
≅

1
1 + λ2 , (51) 

where, for simplicity, the frequency dependence of the radiation resis
tance, Ri, was neglected (near the resonance frequency), and β ≅ 0 was 
assumed, given that X3 is close to zero. Defining the capture bandwidth, 
Δω = ωr − ωl, as the frequency interval where the relative absorbed 

power response, Eq. (51), exceeds 1/2 (denoting the right and left side of 
this frequency interval by the subscripts r and l, respectively) and thus −
1 ≤ λ ≤ 1, the relative capture bandwidth related to the floater dy
namics is then given by, 

Δω
ω0r

=
ωr − ωl

ω0r

≅
δr + δl

ω0r

+
[
1 − (1 − α)1/2]

, (52) 

where the subscript 0 in ω0r and ω0l (with ω0l = ω0r (1 − α)1/2), denotes 
the rightmost and leftmost resonance frequencies, respectively. Simi
larly, δr,l are the corresponding damping coefficients, given by 
δ =

(
Rpto + R3

)
/[2(m3 +A33)] (see Ref. [16]), and α = Γ/C3 represents 

the mass transfer ratio (0 ≤ α < 1). Eq. (52) shows that without mass 
transfer (i.e., α = 0 and thus ω0l = ω0r ) the relative capture bandwidth 
becomes 2δr/ω0r (see Ref. [16]).

To simplify the evaluation of the gain in energy capture due to mass 
transfer, Eq. (52) is reformulated as an inequality, 

Δω
ω0l

≥
1

(1 − α)1/2

[
2δr

ω0r

− (1 − α)1/2
+1

]

. (53) 

In eq. (59), it is assumed that the right damping coefficient, δr, is 
typically smaller than the left one, δl, since Rpto + R3 is usually higher 
near the left resonance frequency, while m3 + A33 remains nearly con
stant due to the small variations in the added mass coefficient. The first 
term inside the square brackets of Ineq. 59 is the only one that remains 
when the MTM is disconnected. If the MTM operates passively, with no 
control over mass transfer (i.e., α is constant), there is always a gain, as 
Δω/ω0l > 2δr/ω0r . In this scenario, the device’s natural frequency can be 
more effectively tuned to the incoming waves without increasing its 
inertia or relying on auxiliary mechanisms with a similar purpose. 
Although, additional gains in energy production can be achieved if the 
mass transfer can be properly controlled, which requires adjusting α as a 
function of frequency (0 ≤ α(ω) < 1). In such case, Fig. 7 maps the 
percentage of potential bandwidth expansion, as expressed by Eq. (53), 
for upper limits of the mass transfer factor, α, on the x-axis, relative to 
the characteristic absorption bandwidth of conventional point absorbers 
(without the mass transfer feature), given by the relative capture 
bandwidth, 2δr/ω0r , on the y-axis.

The white square in Fig. 7 highlights the bandwidth expansion 
enabled by mass transfer within the most likely range of mass transfer 
factors, α, and typical capture bandwidths (normally quite narrow) of 
conventional point absorbers (with no mass transfer). Fig. 7 shows that, 
when the mass transfer mechanism is well controlled, the proposed mass 
transfer mechanism can increase the power capture bandwidth by more 
than three times. As expected, it is visible that the bandwidth widening 
increases for higher mass transfer factors and smaller relative band
widths. Therefore, when the WEC’s capture bandwidth is broadened 
using other control strategies/reactance control mechanisms, the impact 
of mass transfer becomes negligible. On the contrary, for very narrow 
capture bandwidths, the effect of mass transfer is substantial. To high
light this effect, Fig. 8 shows the bandwidth widening, considering a 
mass transfer factor, α ≤ 0.2, in self-reacting WECs. It is important to 
note that the discussion here aims to illustrate the potential benefits of 
mass transfer in improving WEC performance, but no design optimiza
tion has been conducted.

Fig. 8 shows the contour lines corresponding to different percentages 
by which the dimensionless absorber power exceeds the theoretical 
maximum (right side plot - with proper mass transfer control; left side 
plot without mass transfer mechanism). This figure presents graphically 
the expansion of the bandwidth, showing that even small mass transfer 
factors - α ≤ 0.2 - can significantly expand the capture bandwidth, as μ 
varies up to the point of zero power absorption, if a well-controlled mass 
transfer mechanism is implemented. In the study case presented, the 
expansion of the bandwidth where the absorber power exceeds 90 % of 
the theoretical maximum corresponds to an increase of approximately 
190 % when comparing the device with MTM to the non-MTM 
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configuration. The ability to control the mass flux between both bodies 
is not trivial and will be addressed in the continuation of this work, 
nevertheless if no control is considered (i.e., α is constant) the resonant 
frequency will decrease, self-tuning the concept without resort to reac
tive energy from an external source (or additional inertia).

Active control strategies, such as optimal control in two-body point 
absorbers [22,23,25], have demonstrated significant performance im
provements (e.g., a ~20 % increase in absorbed energy compared to 
constant damping control using MPC [23], or a 9 % increase in annual 
yield with an inverse model controller [23]). Nevertheless, these bene
fits can result in negative net energy when losses inherent to bidirec
tional reactive control (e.g., generator losses [30]) are overlooked, and 
their effectiveness remains highly dependent on the accuracy of pre
diction algorithms.

To address this limitation, several proposals incorporate additional 
mechanical elements to tune resonance and enhance energy capture 
and/or bandwidth, such as pneumatic spring systems [28] or 
pendulum-based inertial elements [29]. These approaches passively 
extend the resonance interval, enabling broadband absorption through 
multiple resonance bands (multi-peak responses). The proposed MTM 
aligns with this class of approaches, seeking to broaden the capture 
bandwidth and tune it to typical ocean wave periods. Although these 
studies are essentially theoretical, relying on multiple simplifications 
and assumptions, the findings suggest that MTM enables a substantial 
quantitative increase in bandwidth (up to 190 % expansion, where the 
absorber power exceeds 90 % of the theoretical maximum, as Fig. 8 il
lustrates), achieving effects comparable to those reported in Ref. [29], 

while requiring less structural complexity.
It is worth noting that this study is limited to a conceptual analysis of 

the MTM’s potential to improve energy extraction in point absorbers, 
specifically by broadening the bandwidth. As the analysis is conducted 
in the frequency domain, future work should address more detailed 
dynamic modeling, time-domain simulations, and techno-economic as
sessments. Additionally, the development and control of practical 
mechanisms for mass transfer between bodies in real WECs remains an 
open challenge. Finally, while the mass transfer coefficient (α) can 
theoretically range from 0 to 1, practical designs should limit transferred 
mass to avoid unfeasible configurations that compromise the model’s 
assumptions.

4. Conclusions

This study investigates a theoretical concept aimed at broadening the 
inherently narrow absorption bandwidth of point absorbers, thereby 
enhancing their performance. In such WECs, the capacitive reactance (i. 
e., the ability of the hydrostatic spring to store potential energy) dom
inates over the inductive reactance (i.e., the mass’s ability to store ki
netic energy) in typical sea states, making it hard to cancel the 
mechanical reactance using conventional means. To overcome this, the 
proposed approach investigates a ‘negative spring’ effect (i.e., a force 
acting with the motion) enabled by mass transfer between the two 
bodies of a spar-type, axisymmetric, two-body heaving WEC.

The study concludes that controlled mass transfer between the two 
bodies of spar-type point absorbers can significantly widen the capture 

Fig. 7. Grayscale colormap showing the power capture bandwidth increase (in percentage) enabled by a well-controlled mass transfer mechanism.

Fig. 8. Frequency response equipotential lines that outline the areas where the dimensionless absorber power exceeds 30 %, 50 %, 70 %, and 90 % of the theoretical 
maximum as a function of the normalized PTO loads, μ, in a self-reacting WEC with vertical excursions below the floater radius. The left side shows the power 
absorption without mass transfer, while the right illustrates the bandwidth widening under proper mass transfer control (with α ≤ 0.2).
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bandwidth (more than three times the power capture bandwidth in the 
study case presented, and nearly double the bandwidth even with small 
mass transfer factor, i.e. the amount of mass transferred by the mecha
nism is small with respect to the total stiffness), even with minimal mass, 
potentially tripling it. In the absence of control (i.e., with a constant 
mass transfer factor), the mechanism can still provide a valuable self- 
tuning effect, reducing the resonant frequency without increasing the 
inertia or relying on external reactive power, thus offering promising 
economic advantages.

Mass transfer positively influences the frequency range between the 
natural frequencies of the combined body and the floater, where a 
negative spring effect is needed to cancel the system’s intrinsic reac
tance. This frequency range is typically the most critical for energy ab
sorption, as the floater must be designed with optimal hydrodynamic 
resistive capabilities, which is essential for effective wave energy cap
ture. Within the frequency range between the natural frequency of the 
reaction spar and that of the combined body, mass transfer between the 
two bodies of the WEC is unnecessary. Instead, reactance must be 
canceled by a positive spring effect provided by the PTO or an auxiliary 
system.

A single-body WEC, where an axisymmetric floater oscillates verti
cally around a fixed concentric structure exchanging mass with it, rep
resents a special case of the two-body self-reacting system analyzed in 
this study. For this case, the derived expressions still apply by assuming 
m9≫m3, F9 ≅ 0 and, accordingly, R9 ≅ 0, leading to optimal power 
conversion when Rpto = R3 and Kpto = − X3, which is a well-established 
result in wave energy research. In these conditions, for frequencies 
below the floater’s natural frequency, the required compensating reac
tance to cancel the intrinsic reactance is negative and can, in theory, be 
supplied by the ‘negative spring’ effect of mass transfer. It is worth 
noting that the floater can be designed to resonate near the upper end of 
the wave spectrum and tuned to prevailing sea states through controlled 
mass transfer. In this case, the frequency range above the floater’s nat
ural frequency (where intrinsic reactance must be canceled by a positive 
spring from the PTO) is considered less relevant due to the lower energy 
content of those waves.

A WEC design approach that effectively implements a ’negative 
spring’ effect, without the need for complex auxiliary systems, is under 
study and will be detailed in an upcoming publication. Alongside con
ventional two-body point absorbers that transfer mass via connected 
internal tanks filled with water or other fluids, floating two-body OWCs, 
where the second body is the water column itself, have also been 
considered. Moreover, further investigation is required to validate the 
effectiveness of the proposed approach, which defines the next steps of 
this research. These may include analysis such as: impact of mass 
transfer on the dynamic stability of two-body spar-type heaving point 
absorbers; CFD analysis to examine water flow patterns around the WEC 
and the effects of potential vortex shedding; Techno-economic assess
ment to evaluate the cost-effectiveness and potential benefits of the mass 
transfer feature; time-domain numerical modeling of the WEC dynamic 
response to understand the impact of mass transfer between the two 
bodies and explore strategies for controlling the non-linear mass flux, 
with special attention is given to the convolution that arises between 
frequency-dependent mass flux and relative displacement.

Although the methodology developed in this study focuses on 
nearshore-to-offshore spar-type two-body heaving point absorbers, it 
can be readily adapted to other types of wave energy converters with 
different operating principles, provided the goal is to broaden the ab
sorption bandwidth.where β represents the wave incidence angle and J 
the wave-energy transport per unit frontage (for a pure progressive 
wave, J = ρg2D(kh)|A|2/(4ω) with A denoting the wave amplitude and 
D(kh) the depth function, which approaches 1 in deep waters). For an 
axisymmetric two-body WEC constrained to vertical oscillations, as 
considered here, the excitation force is independent of β, leading to the 
simplification of the general radiation-resistance matrix into the form 

given in Eq. (17).
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