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Abstract

We present an investigation of the stabilization of premixed laminar flames by means of

an isolated highly conductive bluff-body, a circular cylinder, placed in a uniform flow of a

combustible mixture. It is shown that the problem has non-unique steady-state solutions for

certain values of the parameters. Moreover, we solve the time-dependent equations to check

the stability of the solutions and demonstrate the possibility of controlling the convergence

to a certain steady-state solution.

1 Introduction

Stabilization of premixed flames in a flow of a combustible mixture is one of the most important

tasks in combustion. Several different configurations have been proposed to attain this effect.

One of the most common is the flame stabilization by means of a bluff-body. Despite the fact that

the systematic studies of this problem can be traced back more than sixty years [1–5], important

aspects remain unexplored to this day.

The use of computational facilities has recently allowed advances in the understanding of

flame stabilization processes [6–19]. The predominant configuration for numerical simula-

tions was a body placed in a channel. Most of these investigations were carried out in the

framework of two-dimensional models. The effect of solid materials on the blow-off limit of

a micro-combustor was investigated in [6]. The influence of the flame holder temperature on

the stabilization of a laminar methane flame on a cylinder was presented in [7]. Considerable

effort has gone into modeling complex chemical kinetics [8–11,15–17] and conjugate heat trans-

fer [12–17], which implies large computational costs for exhaustive parametric analysis. Pre-

mixed flames stabilized behind the trailing edge of a semi-infinite cylindrical rod placed coaxi-

ally in a circular channel were investigated in [18] within the framework of a three-dimensional

diffusive-thermal model allowing a global linear stability analysis of steady-state solutions.
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A series of experimental and numerical studies of a flame stabilized behind a fixed and a

rotating cylinder in [7,12–14] have shown different flame positions, shapes and dynamics when

the temperature of the flame holder is forced to change. In a recent study [19], the flame stabi-

lization by means of a solid square maintained at a constant temperature in a laminar channel

flow was studied. In particular, it was found that for certain values of the parameters, multiple

steady-state solutions corresponding to a zero value of the total heat flux on the square surface

arise. The presence of various geometric parameters when the stabilization problem is formu-

lated in a channel of finite width creates some difficulties for conducting an exhaustive paramet-

ric analysis. It is also obvious that in the case of multiple solutions not all of the solutions are

stable.

In the present work, the problem of a flame stabilized by means of a circular cylinder placed

perpendicularly in a uniform flow is studied applying a number of simplifications. This allows

us to focus on the physical reasons for the appearance of non-unique steady-state solutions

and to investigate their stability. The article is arranged as follows: in Section 2, the general

formulation is given; a description of the numerical treatment is outlined in Section 3; steady-

state solutions are presented in Section 4 and the temporal dynamics are studied in Section 5.

Finally, conclusions are drawn in the last section. Asymptotic considerations leading to the

approximation used in this work are discussed in the Appendix.

2 Mathematical formulation

Let us consider a circular cylinder of radius R placed perpendicularly to an incoming flow of

a combustible mixture. The mixture has an initial temperature T0 and moves with a uniform

velocity U0 far upstream relative to the cylinder. We assume that the planar flame speed, SL, is

less than the velocity of the mixture, SL < U0, thus preventing the flame to propagate upstream.

Under this condition, flame stabilization is only possible under the action of the cylinder that

works like a flame holder. The sketch of the problem and the coordinate system are shown in

Fig. 1. For simplicity, the problem statement is limited to a two-dimensional consideration and

all solutions are assumed to be mirror-symmetric about the x-axis. Thus, all dependent variables

are functions of the spatial variables r and φ, where x = r cosφ, y = r sinφ and 0 < φ < π.

For the sake of simplicity, the mixture is assumed to be deficient in fuel. The mass fraction of

fuel, denoted by Y and with the initial value Y0, is followed. The mass fraction of the oxidizer,

which is in abundance, remains nearly constant. The amount of fuel consumed per unit volume
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Figure 1: Sketch of the problem, the coordinate system, the illustration of an anchored flame (a

dashed-line contour) and stream function isolines (solid lines) calculated for Re = 20.

and per unit time is given by Ω = Bρ2Y exp(−E/RT ), where B is a pre-exponential factor, ρ is

the density of the mixture, E is the overall activation energy and R is the universal gas constant.

For the phenomenon studied in this work, the thermal interaction between the flame and the

flame holder is fundamental, while the influence of the flame on the gas velocity field seems to

be secondary. Thus, the effects associated with thermal expansion will be discussed elsewhere.

In the following, we consider a diffusive-thermal model, formally assuming that the density of

the mixture ρ, the thermal diffusivity DT , the individual molecular fuel diffusivity D, the heat

capacity cp, and the kinematic viscosity ν are all constant. Consequently, the flow field is not af-

fected by the combustion field and is determined a priori by solving the standard Navier-Stokes

equations. This study is limited to considering rather thin cylinders assuming that the corre-

sponding Reynolds numbers are not large. Thus, the velocity field is assumed to be independent

of time. If the characteristic length and speed are chosen as R and U0 and the pressure variations

are made dimensionless using the dynamic pressure ρU2
0 , the velocity field v is determined from

(v · ∇)v = −∇p+Re−1∆v, ∇ · v = 0,

r = 1 : v = 0, r → ∞ : v = ex,
(1)

where Re = RU0/ν is the Reynolds number.

The combustion field is determined by the coupled energy and fuel balance equations with
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the velocity field computed from Eqs. (1). In the following, the laminar flame speed of the

planar adiabatic flame SL and the thermal flame thickness defined as δT = DT/SL are used

to specify the non-dimensional parameters. The non-dimensional temperature is defined by

θ = (T − T0)/(Te − T0), where Te = T0 + QY0/cp represents the adiabatic temperature of

the corresponding planar flame, and the fuel mass fraction is normalized by its upstream value

Y0. Choosing the convection time R/U0 as a unit of time, the dimensionless transport equations

become
∂θ

∂t
+ (v · ∇)θ =

1

RePr
∆θ +

d

RePr
ω (2)

∂Y

∂t
+ (v · ∇)Y =

1

LeRePr
∆Y − d

RePr
ω (3)

where ∆ = ∂2/∂r2 + r−1∂/∂r + r−2∂2/∂φ2 is the Laplace operator and

ω =
β2

2Leu2p
Y exp

{
β(θ − 1)

1 + γ(θ − 1)

}
(4)

is the dimensionless reaction rate.

The following non-dimensional parameters appear in the above equations: the Zel’dovich

number, β = E(Te − T0)/RT 2
e , the Lewis number, Le = DT/D, the heat release parameter,

γ = (Te − T0)/Te, the Prandtl number, Pr = ν/DT , the Reynolds number, Re = U0R/ν,

and the reduced Damköhler number, d = R2/δ2T . In the calculations reported below, β = 10,

γ = 0.7, Le = 1 and Pr = 0.72 were assigned. The influence of these parameters on the effects

described below will be reported elsewhere.

The above formulation allows to study the influence of the flow field and chemistry indepen-

dently. Indeed, for a fixed cylinder radius, changes in the Reynolds number and the Damköhler

number can be made separately by varying the velocity of the incident flow, U0, and the veloc-

ity of the planar flame front, SL, respectively. The latter can be accomplished by changing the

initial mass fraction of fuel, for example.

The factor up = SL/UL introduced in Eq. (4) allows to accommodate for the difference

between the asymptotic value of laminar flame speed UL =
√

2ρBDTLeβ−2 exp (−E/2RTe)
obtained for large activation energy (β ≫ 1) and the numerical value SL for finite β. The factor

up ensures that for a given β the non-dimensional flame speed for a planar adiabatic flame equals

one. Of course, the introduction of this factor into the reaction rate is optional. However, it can

be convenient for extrapolating the results to different types of fuel by setting as a parameter the

value of the planar flame propagation velocity SL instead of the parameters characterizing the
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kinetics of complex reactions. The numerical values of up were reported in [20] as a function of

the Lewis number for β = 10 and γ = 0.7. In particular, up ≈ 0.942 for Le = 1.

In this work we assume that the thermal conductivity of the solid material is much higher

than that of the gas. The temperature of the cylinder remains uniform in this limit being a

function of time only. A formal mathematical discussion of this approximation is given in the

Appendix. Denoting the temperature of the cylinder as θw and the local heat flux on the cylinder

surface as qL(φ) = ∂θ/∂r
∣∣
r=1

, the energy balance equation for the cylinder becomes

C
dθw
dt

= q, where q =

π∫
0

qL dφ (5)

is the total heat flux. Here C represents the total dimensionless thermal capacity of the cylinder.

In realistic cases of metal holders, for example, this parameter should be much greater than one.

However, it is obvious that its value can be easily changed experimentally by layer-by-layer

combination of materials with different heat capacity properties, for example.

The boundary conditions for the temperature and mass fraction on the cylinder surface be-

come:

0 < φ < π, r = 1 : θ = θw,
∂Y

∂r
= 0 . (6)

On the x-axis, standard symmetry conditions are assumed:

1 < r <∞, φ = 0, π :
∂θ

∂φ
=
∂Y

∂φ
= 0 . (7)

The boundary conditions for the far-field temperature and mass fraction are set as follows:

r → ∞ :

{
∂2θ/∂r2 = ∂2Y/∂r2 = 0 , 0 < φ < φ∗ .

θ = Y − 1 = 0, φ∗ < φ < π ,
(8)

It should be noted that the influence of the far field boundary conditions becomes negligible if

the computational domain is chosen large enough. In all calculations presented below we use

φ∗ = π/4. This value was varied within reasonable limits without any substantial differences in

the results.

3 Numerical treatment

The steady Navier-Stokes Eqs. (1) written in terms of the stream function, ψ, and the vorticity,

ζ , defined from the relations vr = r−1∂ψ/∂φ, vφ = −∂ψ/∂r and r ζ = ∂(r vφ)/∂r − ∂vr/∂φ,
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take the form

∆ψ = −ζ, (v · ∇ζ) = Re−1∆ζ,

r = 1 : ψ = ∂ψ/∂r = 0; r → ∞ : ψ − r sinφ = ζ = 0 .
(9)

These equations were solved numerically using a Gauss-Seidel method with over-relaxation

where the standard second-order numerical boundary conditions for the vorticity at the cylinder

surface were applied, see [21].

Steady as well as time-dependent computations of Eqs. (2)-(3) were carried out in a finite

domain, 1 < r < rmax , with the typical value rmax = 10 ÷ 20. Changing the domain size

within these limits did not lead to noticeable changes in the results for the temperature and mass

fraction fields. The main criterion for the accuracy of the calculation was the values of θw and q

obtained for different sizes of the domain and numerical grid points. All spatial derivatives were

discretized using second-order, three-point central finite differences on a rectangular uniform

grid with a typical number of grid points ≈ 1000 × 300 for Eqs. (2)-(3). Thus, the typical

resolution was δr ≈ δφ ≈ O(10−2). The number of grid points was doubled in some cases

without significant differences in the results. It should be noted that the calculations of the

velocity field are more sensitive to the size of the domain and therefore rmax = 30 ÷ 50 was

used.

In order to determine steady (but not necessary stable) solutions, the steady counterpart

(∂/∂t ≡ 0 ) of Eqs. (2)-(3) were solved using a Gauss-Seidel method with over-relaxation. For

unsteady calculations an explicit marching procedure was used with first-order discretization in

time. The typical time step was τ = 10−4 ÷ 10−5. No significant differences were found in the

results when τ was halved.

4 Steady-state solutions

When the flame is stabilized by a bluff-body in a stream, two main mechanisms should be

noted. The first consists in the appearance of a zone in which the gas velocity relative to the

body is small. Usually this is a recirculation zone within which the gas velocity is directed in

the opposite direction with respect to the main flow. The edge of the flame is attached to this

zone. This mechanism works regardless of whether the body is adiabatic or cold. It is clear that

stabilization may be more difficult in the case of a cold body than in the adiabatic case.

Another mechanism for stabilization is the heating of the body by the flame itself, followed

by the conductive heat transfer within the body. In cases when the thermal conductivity of the
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body is much higher than that of the mixture (this is the case often found in experiments), and

at the same time the bluff body does not connect thermally with the outer environment (so that

heat losses to the environment are reduced or eliminated), a heat recirculation mechanism is

activated. Heat energy is transferred upstream through the body thus preheating the incoming

fresh gas ahead. Apparently, both of these mechanisms play an essential role in the situation

considered in present study.

4.1 Flow field

It is well known that a recirculation region appears behind the cylinder starting with rather small

Reynolds numbers, at Re & 3.5 in the case of a cold flow. Periodic oscillations in this region

appear as Re becomes sufficiently large. As noted in [7], the flow around the cylinder is stabi-

lized in the presence of combustion as compared with the case of cold flow. With confidence,

this is due to an increase in the viscosity of the mixture at combustion temperatures. However,

the study of this effect is not carried out in our work. As stated above, this work is restricted

to cases with relatively small cylinder radii that correspond to Re < 50 (based on the cylinder

radius). For these values the velocity field remains time-independent even in the case of a cold

flow. An example of the velocity field calculated for Re = 20 is shown in Fig. 1 in terms of

stream function isolines.

4.2 Combustion field

One can see from Eq. (5) that the steady-state solutions (∂/∂t ≡ 0) satisfy the condition q = 0.

In these cases, the cylinder temperature, θw, should be found as part of the solution and the value

of C does not affect it.

We note in parentheses that if the bluff-body has sharp angles, as in [19], the calculation of

the total heat flux into the body can meet certain troubles. It can be easily shown that the local

heat flux at the surface has a singularity when approaching the corner. Of course, this singularity

is integrable (the total flux is finite), but getting the exact value on which the body temperature

depends can be difficult.

To find the steady-state solutions corresponding to q = 0, the following procedure was used.

The steady-state counterpart of Eqs. (2)-(3) was calculated for a fixed cylinder temperature.

After that, the value of q given by Eq. (5) was considered as a function of θw. The results

are shown in Fig. 2 calculated for Re = 20 and different values of d. This figure shows that,
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Figure 2: The calculated q values given by Eq. 5 plotted as a function of θw for Re = 20 and

various d. The inset shows the interval of θw in which additional roots of the equation q = 0

appear.

depending on the Damköhler number, d, the number of roots of the equation q = 0 can be higher

than one.

Anticipating the description of the steady-state solutions, it should be noted that a stable cold

state corresponding to θ = 0 and Y = 1 also exists for given values of the parameters. This

means that, as one would expect, the flame does not ignite spontaneously and the flame can

extinguish under certain conditions.

Figure 2 shows that for relatively small Damköhler numbers the cylinder temperature cor-

responding to the steady-state condition q = 0 is unique and found around θw ≈ 0.15, as the

curve with d = 5 shows. For larger values of d, two additional states appear illustrated by the

curve with d = 10. One state has an intermediate cylinder temperature, while for the other the

cylinder temperature is close to adiabatic θw ≈ 1. For Re = 20, the emergence of these two

states occurs at d & 7.05.

It is interesting to note that with a further increase in d, two additional roots of the equation



February 28, 2022 9

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y
Re=20, d=20, θw=0.14, stable solution

a)

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y
Re=20, d=20, θw=0.6071, unstable solution

b)

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y

Re=20, d=20, θw=0.6619, unstable solution

c)

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y

Re=20, d=20, θw=0.7407, unstable solution

d)

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

-3 -2 -1 0 1 2 3 4 5
0

1

2

3

4

x

y

Re=20, d=20, θw=1.01, stable solution

e)

Figure 3: Temperature distributions (solid lines, in an interval 0.1) and the reaction rate isoline

(a dashed line, plotted for ω = 10) for various steady-state solutions marked with open circles

”a”, ”b”, ”c”, ”d” and ”e” in Fig. 2, for Re = 20 and d = 20.
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Figure 4: Local heat flux distribution on the cylinder surface calculated for various solutions

marked with open circles in Fig. 2. The flux for the ”e” solution is given in the inset.

q = 0 appear. This effect is illustrated by the curve with d = 20 and occurs approximately in

the interval 19.6 . d . 23.2 (for Re = 20). Thus, there are five steady-state solutions in this

interval of the Damköhler number. These solutions are indicated by open circles and the letters

”a, b, c, d, e” in Fig. 2. These additional roots then disappear for d & 23.2.

Figure 2 shows that with a further increase in d, the steady-state with a relatively cold cylin-

der disappears and the only stationary state is that with the cylinder temperature close to adia-

batic. This happens when d & 56.3. It is obvious that all the critical values of the Damköhler

number given here depend on other parameters, in particular, on the Reynolds number.

The flame structure for different values of the Damkohler number is illustrated in Fig. 3 for

d = 20. Temperature contours (solid lines) are given in the interval δθ = 0.1. Dotted lines in all

figures denote the isoline of the reaction rate ω = 10. The solution corresponding to point ”a”

in Fig. 2 is characterized by a relatively cold cylinder temperature and a flame located behind

the cylinder. For solution ”e”, for which the temperature of the cylinder is very close to the

adiabatic temperature, the flame originates in front of the cylinder and surrounds it. For other

solutions, intermediate configurations are found.

The local heat flux qL = ∂θ/∂r|r=1 on the surface of the cylinder is shown in Fig. 4 as a

function of φ. Note that φ = 0 corresponds to the rear point of the cylinder. It can be seen that
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Figure 5: The calculated q values given by Eq. 5 as a function of θw for Re = 10 (left plot) and

Re = 30 (right plot) and various d.

for all solutions ”a”-”e” the cylinder is heated (qL > 0) through its rear and cooled (qL < 0)

through the front part. It is noticeable that the heat flux qL is very small for the ”e” solution

compared to other solutions.

The dependence of the total heat flux on the cylinder temperature for other Reynolds numbers

is qualitatively similar to those shown in Fig. 2. For Re = 10 and Re = 30, these dependencies

are shown in Fig. 5 for different Damköhler numbers. This indicates that the effect of multi-

plicity of steady-state solutions for a flame in a certain range of Damköhler numbers is robust

enough for a change in the Reynolds number. It can be noted that the Damköhler and Reynolds

numbers enter into Eqs. (2)-(3) as d/Re. On the other hand, an increase in the Reynolds number

affects only the length of the recirculation zone, leaving the flow structure almost unchanged.

This indicates that the dependence of the critical Damköhler numbers between which the mul-

tiplicity of steady-state solutions takes place on the Reynolds number should be close to linear.

The approximate minimum and maximum critical Damköhler numbers are presented in Fig. 6

as functions of the Reynolds number.
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5 Stability and time-dependent dynamics

In order to check the above steady-state solutions for stability, time-dependent Eqs. (2)-(3) and

(5) were calculated for different values of the parameter C. First, the temperature and mass

fraction distributions obtained for solutions ”b”, ”c”, and ”d” were chosen as initial conditions.

The time histories of θw are shown in Fig. 7.

First of all it should be noted that the accuracy of calculating the steady-state solutions taken

as initial conditions was high, but finite. It can be seen in Fig. 7 that changes in the value

of θw for all three initial distributions ”b”, ”c” and ”d”” are negligible at the initial stage of

calculations, 0 < t . 10. Obviously, the duration of this time interval depends on the accuracy

of calculating the initial steady-state distributions. If we assume a hypothetical ideal case of

a numerical procedure with infinitely high accuracy, the duration of this initial interval (with

zero values of time derivatives) would be infinite as well. Therefore in the ideal case, for the

development of dynamics, it is necessary to introduce small, but not zero, perturbations, even if

the solution is unstable.

After passing this interval, the small disturbances gradually increase and changes in θw be-

come visible. Finally, the solution approaches one of the states ”a” or ”e”. The oscillatory
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values of C. Steady-state distributions ”b”, ”c”, and ”d” were chosen as the initial distributions

for temperature and mass fraction. Dash-dotted lines indicate temperatures for stable states ”a”

and ”e”.

nature of the transitional dynamics should also be noted. Interestingly, the transition to states

”a” or ”e” is affected by the values of parameter C. Thus, the numerical simulations show that

states ”b”, ”c”, and ”d” are unstable, while states ”a” and ”e” are stable. This is indicated in

Fig. 3.

The simulation results presented in Fig. 7 are especially unexpected for the ”c” mode. In-

deed, when analyzing the response curve shown in Fig. 2 it may seem that the steady-state ”c”

should be stable. According to Fig. 2 (see the inset), with a random small increase in the temper-

ature of the cylinder, θw, the heat flux q to the cylinder becomes negative and the cylinder should

seem to be cooled. Equivalently, after an occasional small cooling of the cylinder, it should be

heated (q becomes positive). However, Fig. 7 shows that such qualitative reasoning does not

work for the steady-state ”c” which is apparently unstable. In this regard, it should be noted that

a rigorous analysis of the stability of one or another steady-state solution to small perturbations

should be performed by solving a much more complex eigenvalue problem than a qualitative

evaluation of a steady-state response curve. The heat flux, q, is not a function of one argument,

θw, but is the result of integrating the temperature field outside the cylinder. This issue remains

outside the scope of this article, where conclusions about stability are made on the basis of time

dependent simulations. The numerical simulations starting from the steady-state ”c” solution

were carried out up to C = 500 with the same result: the initial small perturbations due to the
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Figure 8: Time history of the maximum temperature in the domain , θmax (upper plot), and the

heat flux, q (lower plot), calculated in the limit C → ∞ with θw = 0.6619 corresponding to the

”c” steady-state solution.

finite accuracy of the numerical code always increased leading to a transition to another mode.

In order to clarify more this effect of the ”c” mode instability, the following numerical simu-

lation was carried out. As in the previous time-dependent calculations, the steady-state solution

obtained by the Gauss-Seidel method and by setting ∂/∂t = 0 in Eq. (2)-(3) was used as an ini-

tial condition. If we formally impose C → ∞ (infinitely large thermal capacity of the cylinder),

then θw will not change according to Eq. (5). Figure 8 shows the result of this calculation, where

the maximum temperature in the domain, θmax, and the heat flux, q, are given as functions of

time. It can be seen that at fixed θw = 0.6619 corresponding to the ”c” steady-state solution,

the flame suffers oscillatory dynamics, which is in no way related to changes in the cylinder

temperature. It can be seen that the amplitude of the heat flux oscillations significantly exceeds
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Figure 9: Time histories of cylinder temperature calculated for Re = 20, d = 20 and various

values of C, all curves for θh = 0; a dashed line shows the maximum temperature in the domain

for C = 100.

the values of the local steady-state maximum and minimum of q visible in the response curve

(see Fig. 2) in the vicinity of the ”c” solution. From this we can conclude that at finite values of

C, this intrinsic flame instability eventually leads to destabilization of the ”c” steady-state with

the subsequent transition to another, now already stable, regime. The characteristic time scale of

cylinder temperature changes is of the order of C. Obviously, the effect described here cannot

be explained from the qualitative analysis of the steady-state response curve.

Although the appearance of oscillatory behavior for premixed flames with Le = 1 does not

happen very often, it is possible that the phenomenon described above is of a similar nature to

that of the flame dynamics reported in [22, 23]. In these studies, oscillatory flames with unity

Lewis number were also described as being caused by a heated surface. Anyway, the particular

question regarding the stability of the ”c” mode, interesting from a stability point of view, is

of little practical importance, since this situation corresponds to a rather narrow range of d

parameters. Outside this interval, the only intermediate state appearing between the stable cold

and stable hot regimes, if it exists, is definitely unstable.

Numerical simulations were also carried out using the following initial distributions applied

at t = 0:

θ =

{
θw0, r = 1

0, r > 1

}
+ θh exp{−[(x− x∗)

2 + y2]/r2∗}, Y = 1 . (10)

The first term in Eq. (10) corresponds to an instantaneous initial heating of the cylinder to tem-

perature θw0. The second term describes an initial hot spot with temperature θh and radius r∗
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Figure 11: Time histories of cylinder temperature, θw, and the maximum temperature in the

domain, θmax, calculated for Re = 20, d = 20 and C = 10. Open circles indicate the initial

cylinder temperature.

located on the x = x∗ point at the axis y = 0. Numerical values were chosen as r∗ = 1 and

x∗ = 3. These two terms were applied both separately and simultaneously.

Let us first consider the flame dynamics when only the cylinder is initially heated, namely

θh = 0 is applied in Eq. (10). Figure 9 shows with solid lines the time histories of the cylinder

temperature for various values of C when its initial temperature was chosen equal to θw0 = 0.8.

This value is indicated by an open circle on the figure. All cases were calculated for Re = 20

and d = 20. It can be seen that at relatively low C the flame is not established and the final state
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of the system is the trivial cold state. However, at C = 100, the flame is established in a state

that corresponds to the state ”e” in Fig. 3. We also show in Fig. 9 with a dotted line the evolution

of the maximum temperature in the domain for C = 100 . It should be noted that when only

the cylinder is heated in the initial temperature distribution (that is, θh = 0), the final state is the

stable state ”e” at sufficiently high C, and never the state ”a” which is also stable.

The flame dynamics becomes different if the cylinder is not heated initially (θw0 = 0) but

a hot spot is applied. Figure 10 shows the dynamics of the flame in this case with the hot spot

initial temperature θh = 0.8 and two values of C. The solid curves give the time histories of θw,

and the dashed curves show the maximum temperature in the domain, θmax. It can be seen that

in both cases the final state of the cylinder is the state ”a”, that is, a stable state with a relatively

cold cylinder temperature.

Obviously, with the help of the initial heating of the cylinder, it is possible to control the final

convergence to one or another stable state. Figure 11 shows the cases with θh = 0.8 (the hot

spot is applied) and two different initial cylinder temperatures, θw = 0 and 0.8, indicated in the

figure with open circles. All curves calculated for Re = 20, d = 20 and C = 10. For θw0 = 0,

the system approaches the mode ”a” corresponding to the relatively cold cylinder temperature,

θw ≈ 0.14, while for θw0 = 0.8 the final steady-state is the mode ”e” with θw ≈ 1. We also show

the dependence of the maximum temperature in the domain for the two cases using the dashed

curves which practically coincide in both cases. These examples demonstrate once again that

there are two stable steady-state flames corresponding to two different cylinder temperatures in

addition to the frozen steady-state solution.

6 Summary and discussion

In present work, the study of flame stabilization by a bluff body, a cylinder, placed perpen-

dicularly in a homogeneous flow of a combustible mixture is carried out. We have used some

simplifying assumptions in the formulation. The main simplifications are the application of the

diffusion-thermal model in which the density changes are neglected and the assumption that the

thermal conductivity of the cylinder material is much higher than that of the mixture around.

The use of these simplifications made possible to understand the physics of the phenomenon

through low-cost computations. It should be noted that the first, diffusion-thermal, assumption

is widely used in combustion giving qualitatively correct results. The second simplification of a

large ratio of the thermal conductivities is not too restrictive. To avoid computational difficulties,
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the problem is considered for relatively low Reynolds numbers when self-excited oscillations in

the gas velocity field do not arise.

An important difference from many other studies on flame stabilization is the requirement

that the cylinder is thermally insulated from other bodies, being in thermal contact only with the

gas. In this case, the temperature of the cylinder cannot be fixed, and the mutual thermal inter-

action between the cylinder material and the surrounding mixture should be allowed. Physically

realistic steady-states are those at which the total heat flux on the cylinder surface is zero. This

condition determines the temperature of the cylinder.

A numerical study of the problem showed that at a fixed velocity of the incident flow, there

is an interval of combustion reaction intensity (controlled by the Damköhler number) within

which the problem has multiple steady-state solutions. The total number of different non-trivial

steady-states, that is, solutions involving combustion, can reach five. It is necessary to add to this

number a trivial (cold) steady state without flame. Outside of this interval of Damköhler num-

bers, within which there is a multiplicity of solutions, only one nontrivial steady-state solution

remains.

As the time-dependent simulations showed, not all the solutions are stable. However, sum-

marizing the results of the numerical analysis, it turned out that at least two stationary states are

stable. For the first steady solution, the flame spreads out behind the cylinder and its temperature

is relatively low. For the other stable solution, the cylinder is heated to a high temperature close

to the adiabatic temperature of the mixture and the flame is located also around the cylinder. It

was shown by means of numerical simulations that by choosing certain initial conditions for the

flame initiation it is possible to ensure the establishment of one or the other of the stable modes.

Once again, we want to note that the resulting effect, the multiplicity of stationary states, can be

observed only in a certain interval of Damköhler numbers.

It is important to mention that the estimate of the dimensional radius of the cylinder corre-

sponding to the characteristic dimensionless parameters used in this study givesR = 0.1÷3mm

for U = 1m/s andRe = ρUR/µ = 20. Decreasing the flow velocity leads to even larger values

for the dimensional radius at a fixed Reynolds number. The resulting interval for R depends on

the temperature at which the viscosity µ is estimated. It would be natural to assume that the vis-

cosity assessment should be made at a temperature close to the adiabatic temperature observed

in the flame zone. In this case, the upper limit for the radius estimate takes place. If this is

the case, then the estimate for the reduced Damköhler parameter turns out to be of the order of

d = R2/δ2T = 20 ÷ 40, if we take the thermal width of the flame, δT , of the order of a fraction
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of millimeter.

Finally, the authors want to note that although the problem requires further research, in

which the assumptions of the original model should be weakened (for example, by including

the thermal expansion of the mixture), the results obtained are mainly related to the effect of

heat recirculation inside a solid body. Namely, the heat energy is transferred upstream through

the solid phase thus heating the incoming mixture. It is hoped that taking thermal expansion

into account will only lead to a shift in the critical parameters at which the emergence of the

multiplicity phenomenon occurs.
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Appendix. Highly conductive body limit

While this limit can be considered intuitively, a brief mathematical discussion is also helpful.

Consider the transfer of heat inside the cylinder; and index w denotes below the properties

related to it. Using the same scales as in Eqs. (2)-(3), the following dimensionless equation can

be written

µ
∂θw
∂t

=
Λ

RePr
∆θw, Λ

∂θw
∂r

∣∣∣∣
r=1

=
∂θ

∂r

∣∣∣∣
r=1

, (A1)

where θw denotes here the spatial distribution of temperature inside the cylinder. Two additional

dimensionless parameters appear: the thermal conductivity ratio, Λ = λw/λ, relating the solid

material conductivity λw to the gas conductivity λ, and the parameter µ = ρwcw/ρcp represent-

ing the ratio of thermal capacities per unit volume.

Consider the limit of Λ ≫ 1. Assuming (formally) that all remaining parameters are of order

unity, we expand θw in the form θw = θ
(0)
w + Λ−1θ

(1)
w + . . . . To the leading order, Eqs. (A1) are

reduced to

∆θ(0)w = 0, ∂θ(0)w /∂r|r=1 = 0 .

Obviously, θ(0)w can be a function of time, only.

We now proceed to the next order in Λ−1. The corresponding equations are reduced to

µ
dθ0w
dt

=
1

RePr
∆θ(1)w ,

∂θ
(1)
w

∂r

∣∣∣∣
r=1

=
∂θ

∂r

∣∣∣∣
r=1

.
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After integration over the cylinder volume and dropping the superscript, Stokes’ theorem leads

to Eq. (5), where C = πµRePr/2.
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