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Abstract

An “extended 1 + M model” for Fick diffusion and thermodiffusion is proposed as a combination of both the efficient 1 + M model
for Fick diffusion by Naud and Arias-Zugasti (2020), and an extension of the recent efficient multicomponent thermodiffusion
formulation of Córdoba and Arias-Zugasti (2022). This new accurate and efficient model is mainly based on two ideas: proper
re-scaling, enabling accurate and efficient inversion formulae based on Neumann series, and problem size reduction based on local
identification of “main species”. Calculations of steady and unsteady 1D counterflow flames prove the excellent accuracy of the
model. Considering the evaluation of Fick and thermal diffusion coefficients and thermal conductivity, together with the efficient
approximation for molecular viscosity, the model appears to have a similar cost as the standard mixture-averaged approximation,
being even cheaper for large numbers of species. Compared to the complete multicomponent formulation, the cost is reduced by an
order of magnitude with a 58-species mechanism and by two orders of magnitude with 202-species and 300-species mechanisms.

Key words: Differential diffusion, multicomponent gases, Fick diffusion, thermodiffusion, thermal conductivity, Kinetic Theory
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1. Introduction

Based on the work of Monchick and Mason who gener-
alised the Kinetic Theory of Gases to polyatomic molecules
[1, 2, 3], we refer to Dixon-Lewis [4, 5] in order to describe
molecular transport in the context of reacting flows. In or-
der to evaluate thermal diffusion coefficients and thermal con-
ductivity, a system L.a = X needs to be solved where L is a
(3N − n?) × (3N − n?) matrix and where a and X are vectors
of dimension (3N − n?). N is the number of species consid-
ered, and n? is the number of monatomic species (molecules
which are single atoms: H, O, C, and possibly Ar or He). At
the same time, the evaluation of multicomponent Fick diffusion
coefficients requires the inversion of a N×N matrix, which cor-
responds to the first block L00,00 of matrix L.

Since the dimension of this system may be large when con-
sidering problems involving many species, different approaches
have been proposed in order to obtain accurate approximations
of the multicomponent Fick diffusion problem at a lower cost
than directly inverting the N ×N matrix L00,00, and accurate ap-
proximations of the multicomponent thermodiffusion problem
at a lower cost than directly solving L.a = X. In particular,
the work of Giovangigli and coworkers focused on conjugate
gradient methods [6, 7, 8]. A different approach for Fick multi-
component diffusion was proposed by Xin et al. [9] where they
reduced the matrix to be inverted by considering only the im-
portant species regarding Fick diffusion and where they used
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the mixture-averaged approximation for the other species. Am-
bikasaran and Narayanaswamy [10] considered the reduction
of the multicomponent diffusion problem from a different per-
spective by noting that the matrix of the reciprocal of the bi-
nary coefficients (1/Di j) is a low-rank matrix, allowing the use
of a fast low-rank matrix factorisation at a computational com-
plexity of O(N). From another point of view, in the context of
the mixture-averaged approximation, Sun and Ju [11] reduced
the number of species in the problem by eliminating redundant
transport property calculations based on correlated groups with
similarities in phase space.

All these different approaches could be used for instance
in Direct Numerical Simulations, and possibly combined with
efficient implementations of multicomponent transport as in
[12, 13]. We consider here the approach followed by Arias-
Zugasti and coworkers. As a starting point, Arias-Zugasti et al.
[14] reformulated the multicomponent Fick problem in order to
avoid to invert the N × N matrix L00,00, using Neumann series
approximations after proper rescaling. In particular, they pro-
posed their so-called 1 + M model, combining low-order Neu-
mann series approximations for the most diluted species and
inversion of a small M × M matrix in order to obtain the Fick
diffusion coefficients.

Naud and Arias-Zugasti [15] considered the lowest order
1 + M model (using the approximation at order 0 for the di-
lute species), and proposed an implementation where the NM

main species are evaluated locally (NM = 1 + M). This for-
mulation is somehow similar to the reduced multicomponent
diffusion model proposed by Xin et al. [9], with the advantage
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that the NM main species are defined locally and that not all
binary diffusion coefficients need to be evaluated, and where
no correction velocity needs to be added in order to ensure the
net species diffusion flux to be zero. Moreover, using the def-
inition of the NM main species, they also proposed an efficient
evaluation of molecular viscosity leading to a formulation of
multicomponent Fick diffusion at a similar cost as the standard
mixture-averaged approximation.

Córdoba and Arias-Zugasti [16] recently proposed a new ef-
ficient resolution of L.a = X. By writing the system in terms
of block matrices (see C), they formulated the multicomponent
thermodiffusion problem as the inversion of two N×N matrices,
where the first matrix inverse L−1 (inverse of matrix L00,00) is
already available from the evaluation of multicomponent Fick
diffusion coefficients. Moreover, with an appropriate rescaling
of matrix L, they avoid the inversion of the second matrix LT

by using Neumann series approximations at a given order of
truncation.

In this paper, we propose to further improve the efficiency
of the evaluation of thermal diffusion coefficients and thermal
conductivity proposed by Córdoba and Arias-Zugasti [16], by
taking advantage of the efficient 1+M approximation. First, the
inverse matrix L−1 and the approximation for molecular vis-
cosity are obtained as in [15]. Second, the size of the system
L.a = X is reduced to (3NM − n?M − 1) × (3NM − n?M − 1) by
considering the NM = 1 + M main species defined locally. In
the evaluation of L−1 a M × M matrix needs to be directly in-
verted together with an additional number of multiplications of
the order of M2(N − M − 1) from the Neumann approximation
at order 0 for dilute species. An approximation with Neumann
series at order 3 is used to approximate the second NM × NM

inverse matrix.
In the following, we first recall the general multicomponent

formulation for both Fick diffusion fluxes and thermodiffusion
fluxes, and we detail the specific form of the proposed extended
1 + M model. The steady and unsteady 1D counterflow dif-
fusion flame formulations used to evaluate the model are then
described. Results are presented for different mixtures, using
different chemical mechanisms, in order to assess the accu-
racy and efficiency of the extended 1 + M model compared to
both standard full multicomponent formulation and mixture-
averaged approximation. For completeness, different appen-
dices give details on the evaluation of transport properties, on
multicomponent matrices, on block matrix operations leading
to the formulation by Córdoba and Arias-Zugasti [16], on the
mixture-averaged approximation and on a methane oxidation
skeletal mechanism used in the calculations.

2. Multicomponent transport

2.1. Diffusion coefficients and thermal conductivity
The diffusion flux for species i is considered here as the sum

of the Fick diffusion flux and the thermodiffusion flux (also re-
ferred to as thermophoresis or Ludwig-Soret transport):

ρViYi = −ρYi

∑
j

Di jd j − ρYiDT,i∇ln T (1)

where ρ is the density of the mixture, T is the temperature, Vi

is the diffusion velocity of species i and Yi is the mass fraction
of species i. In this paper, we will consider the simplest form of
the Fick diffusion driving force vector d j = ∇X j, expressed as
the gradient of mole fraction X j.

In order to obtain the diffusion fluxes, we need to evaluate
the Fick diffusion coefficients Di j and the thermal diffusion co-
efficients DT,i. Moreover, in order to solve the energy equation
or temperature equation, the thermal conductivity λ is required.

Since the sum of species fluxes must be zero, it is sufficient
to consider the fluxes for N − 1 species. By treating separately
a given species K, for i , K, Equation (1) can then be written
as:

ρViYi = −ρ
Wi

W

∑
j,K

D?
i jd j − ρ

Wi

W
D?

T,i∇ln T (2)

with D?
i j = Xi

(
Di j − DiK

)
and D?

T,i = XiDT,i

where we used the relation between mass fractions and mole
fractions WiXi = WYi, with Wi the molar weight of species i
and W the molar weight of the mixture.

2.2. Standard Dixon-Lewis formulation

Based on the developments by Monchick and Mason gener-
alising the Kinetic Theory of Gases to polyatomic molecules
[1, 2, 3], we will refer to the formulation of Dixon-Lewis [4] in
the context of reacting gases. The multicomponent thermodif-
fusion problem consists in resolving:

K

L
00,00 L00,10 0

L10,00 L10,10 L10,01

0 L01,10 L01,01


a00
a10
a01

 =

0
X
X

 (3)

where X is the vector of the N species mole fractions, and where
the constant K and the sub-matrices Lmn,pq can be expressed
following Dixon-Lewis [4], and are detailed in B.

The Fick multicomponent diffusion coefficients are obtained
in terms of L−1, the inverse of L00,00, as:

Di j =
(
(L−1)i j − (L−1)ii

)
(4)

The thermal diffusion coefficients DT,i and the thermal conduc-
tivity λ are obtained in terms of the solution of the system of
equations (3) as

DT,i = 2.5Ka00,i (5)

λ = −4
N∑

i=1

Xi
(
a10,i + a01,i

)
(6)

2.3. Approximations by Arias-Zugasti and coworkers

Following Arias-Zugasti et al. [14] and Córdoba and Arias-
Zugasti [16], the species K with largest concentration is re-
moved from the first block of matrix L. The new system is
written in terms of a matrix L̂ such that L̂00,00 is reduced to a
(N − 1) × (N − 1) matrix. The difference between L̂ and L is
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that line K is removed from the first block line, and that the first
block column reads

L̂00,00
i j = L00,00

i j −
X jW j

XkWK
L00,00

iK (7)

L̂10,00
i j = L10,00

i j −
X jW j

XkWK
L10,00

iK (8)

The system is then rescaled as follows:

Fmn,pq
i j = λ(mn)

i µ
(pq)
j L̂mn,pq

i j (9)

ãpq, j =
K

µ
(pq)
j

apq, j (10)

X̃mn,i = λ(mn)
i Xi (11)

with

λ(00)
i = 1 λ(10)

i =
1

L10,10
ii

λ(01)
i =

1

L01,01
ii

(12)

µ(00)
j =

D jK

X j
µ(10)

j = 1 µ(01)
j = 1 (13)

withDi j the binary diffusion coefficients, such that (3) takes the
form:1 + A F00,10 0

F10,00 F10,10 F10,01

0 F01,10 1


̃a00
ã10
ã01

 =


0

X̃10

X̃01

 (14)

The Fick multicomponent diffusion coefficients can be obtained
from the inverse of the (N − 1) × (N − 1) matrix 1 + A:

ci j = (1 + A)−1
i j such that D?

i j = DiKci j (15)

with D?
i j defined in (2). In the formulation of Arias-Zugasti et

al. [14], M “main” species are defined in addition to species K.
Rows and columns of matrix A are reordered such that different
block matrices are defined, A11, A12 and A22:

A11,i j =
∑

k

Xk

(
DiK

Dik
− 1

)
δi j + Xi

(
W j

WK
−
DiK

Di j

)
D jK

DiK
(16)

A12,i j = Xi

(
W j

WK
−
DiK

Di j

)
D jK

DiK
(17)

A22,i j =
∑

k

Xk

(
DiK

Dik
− 1

)
δi j (18)

where the sums are over the main species, and where the M×M
matrix A11 corresponds to main species, the M × (N − M − 1)
matrix A12 corresponds to main species i and dilute species j,
and the (N − M − 1) × (N − M − 1) matrix A22 is diagonal and
corresponds to dilute species.

The lowest order 1 + M model can be used as in Naud and
Arias-Zugasti [15] to obtain an approximation of ci j, such that
for main species i and j

ci j = [1 + A11]−1
i j (19)

for main species i and dilute species j

ci j = −
[
(1 + A11)−1 .A12. (1 + A22)−1

]
i j

(20)

and for dilute species i

cii = [1 + A22]−1
ii = 1

/∑
k

Xk

(
DiK

Dik
− 1

)
(21)

In this case, we only need to invert a M × M matrix in (19),
where M is the number of “main” species verifying

Xi ≥ γXK (22)

with γ = 10−5 [15]. Moreover, since (1 + A22)−1 is diagonal,
only one block matrix multiplication needs to be performed in
(20) (M multiplications for each M(N −M−1) coefficients ci j).

Note that in this approach the number of so-called “main”
species NM = 1 + M is not small in the flame zone with the
value γ = 10−5. For instance, in [15] the maximum value of
NM was 22 in a methane flame using a 57-species mechanism,
and it was 63 in a n-dodecane flame using a 255-species mech-
anism. However, in practical combustion applications, the vol-
ume of the flame zone (where NM may not be too small) is a
reduced portion of the total volume of the problem (where NM

is mostly small). Still, in parallel computations based on do-
main decomposition, a strategy will need to be established in
order to make sure that the flame zones are distributed over the
different processors.

As detailed in C, following Córdoba and Arias-Zugasti [16],
an approximation at order n of thermal diffusion coefficients
and thermal conductivity can be obtained. This approxima-
tion can be written in terms of L̂10,00

i j , L00,10
i j , L10,10

i j , L10,01
i j and

F01,10
i j = L01,10

i j /L01,01
ii :

D?
T,i = −2.5

∑
j,K

D?
i j

∑
k

L00,10
jk ã10,k (23)

λ = −
4
K

∑
i

Xi

̃a10,i +
Xi

L01,01
ii

−
∑

j

F01,10
i j ã10, j

 (24)

with

ã10,i ≈

n∑
r=0

w(r)
i (25)

w(0)
i =

1

L10,10
ii

Xi −
∑

k

F01,10
ki Xk

 (26)

w(r)
i =w(r−1)

i +
1

L10,10
ii

∑
j

(
−L10,10

i j + Gi j +Hi j

)
w(r−1)

j (27)

with Gi j =
∑

k

L̂10,00
ik

∑
`,K

D?
k`L

00,10
` j


and Hi j =

∑
k

L10,01
ik F01,10

k j

In this case, there is no need to invert matrices, other than in
order to obtain D?

i j from (19)-(21). Instead, matrix-vector mul-
tiplications are performed as summarised in Figure 1 of [16]
where, using their notations: w(r)

i = w(r−1)
i + v(r)

1,i + v(r)
2,i − v(r)

5,i

with v(r)
1,i =

∑
Gi jw

(r−1)
j /L10,10

ii , v(r)
2,i =

∑
Hi jw

(r−1)
j /L10,10

ii and

v(r)
5,i =

∑
L10,10

i j w(r−1)
j /L10,10

ii .
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2.4. Extended 1 + M model for the thermodiffusion problem
In order to further reduce the cost of the formulation of

Córdoba and Arias-Zugasti [16], we can see that an additional
approximation can be made. By taking advantage of the defini-
tion of main species (22), we can remove the species considered
to be dilute from the sums in (23), (24), (26) and (27).

In (23), we can easily see from B that L00,10
jk is negligible if

one of the two species j or k is dilute since X j and Xk are small.
In (24), the terms in the sum are directly multiplied by a factor
Xi and F01,10

i j is negligible if j is dilute, such that the contribu-
tions from dilute species can also be neglected. Therefore, it is
sufficient to compute the approximation (25) for main species
only. In (26), we can again neglect the contributions from dilute
species in the sum, and in (27) we can again easily see from B
that L10,10

i j , L00,10
ki , L00,10

` j , L01,10
ki or F01,10

k j are negligible if j, k or
` are dilute species.

In this way, we obtain an accurate approximation of the solu-
tion of (3) by resolving (23)-(27) where only the main species
are retained. Note that in this case it is not necessary to evaluate
the block matrices L00,10

i j , L10,10
i j , L01,10

i j and the diagonal matrix
L01,01

ii for dilute species i and j. Neither do we need to com-
pute binary diffusion coefficients Di j involving dilute species.
The necessary binary diffusion coefficients are already available
from the lowest order 1 + M model [15] (involving at least one
main species), computed from (43).

As in [15], the molecular viscosity µ can be accurately ap-
proximated by removing the dilute species from the sums in
Wilke semi-empirical formula (modified by Bird et al.) [5]:

µ =
∑

k

Xkηk∑
j X jΦk j

with Φk j =

1 +

√√√
ηk

η j

√
W j

Wk


2/ √

8
(
1 +

Wk

W j

) (28)

where ηk is obtained from (43) for main species only.

3. 1D counterflow diffusion flames

In order to validate the proposed extended 1+M model, coun-
terflow diffusion flames are considered.

The 1D solution of the axisymmetric opposed-jet configura-
tion problem is obtained by solving the continuity, momentum,
species and temperature equations described in [17, 18]. The
equations are implemented in the computer code LFLAM de-
veloped at Ciemat, used for instance in [19]. Neglecting ra-
diation effects, the equations can be written on the symmetry
axis (axial coordinate x) in their unsteady form as follows (here,
with m = 3 in the cylindrical geometry):

1
(m − 1)

∂ρ

∂t
= ρG −

∂F
∂x
, (29)

ρ
∂G
∂t

= − (m − 1)F
∂G
∂x

+
∂

∂x

[
µ
∂G
∂x

]
+ H + mρG2 − (m − 1)G

∂F
∂x
,

(30)

ρ
∂T
∂t

= − (m − 1)F
∂T
∂x

+
1

Cp

∂

∂x

[
λ
∂T
∂x

]
−

1

Cp

∑
hkω̇k

+
1

Cp

[∑
Cp,k (ρYkVk)

] ∂T
∂x
,

(31)

ρ
∂Yk

∂t
= −(m − 1)F

∂Yk

∂x
+
∂

∂x
[
−ρYkVk

]
+ ω̇k, (32)

with (m − 1)F = ρu and ρG = −ρv/r, where u and v are re-
spectively the axial and radial velocity components and r is
the radial coordinate. The thermodynamic coefficients Cp,k and
hk (resp. specific heat capacity and enthalpy of species k) are
obtained from temperature-dependent polynomial fits (NASA
polynomials) [20] and Cp is the specific heat capacity of the
mixture. The mixture density ρ is obtained from the ideal gas
law at the given pressure. The reaction rate ω̇k of species k
is obtained from a given chemical mechanism, as function of
composition vector Y, temperature T and pressure.

The system of equations (29)-(32) is solved in its steady
form, using the algorithm “Twopnt program for boundary value
problems” [21]. When the unsteady equations are solved in
order to obtain transient solutions (as for instance the igniting
flamelets considered in the following), the DDASSL solver is
used [22]. In both cases, the block tridiagonal Jacobian ma-
trix of the system is written exactly (instead of being evaluated
numerically as in most implementations).

Three different formulations for the boundary conditions are
considered. The potential flow formulation consists in assum-
ing ρG = dF/dx = constant at both boundaries (fuel “fu” and
oxidiser “ox”), while a fixed stagnation point is specified at the
middle of the domain in order to discretise the continuity equa-
tion (29). The strain rate a, defined as the velocity gradient
du/dx on the oxidiser side, is therefore the parameter that de-
fines the problem, implying: (m − 1)Gox = −a, H = −ρox.G2

ox
and Gfu = Gox.(ρox/ρfu)1/2. In the plug-flow formulation, a
fixed velocity ufu is specified at the fuel boundary, implying:
Ffu = ρfuufu/(m− 1) and Gfu = 0. On the oxidiser boundary the
condition Gox = 0 is applied and the value of H is adjusted dur-
ing the calculation such that the velocity at the oxidiser bound-
ary matches the target velocity uox. In this case, the location
of the stagnation point depends on the values specified for ufu
and uox and on the density profile, and a global strain rate is
defined as a = (2|uox|/L)[1 + (|ufu|/|uox|)

√
ρfu/ρox], with L the

length of the domain. Finally, in the unsteady calculations con-
sidered in the following, a mixed boundary condition will be
used where the potential flow assumption is applied on the ox-
idiser side with given strain rate a (with (m − 1)Gox = −a and
H = −ρox.G2

ox), and where the velocity ufu is specified on the
fuel side (with Ffu = ρfuufu/(m − 1) and Gfu = 0). In this case,
the location of the stagnation point depends on the values spec-
ified for both a and ufu, and may slightly move in time when
considering transient solutions depending on the density profile
evolution.

The diffusion fluxes ρYkVk and thermal conductivity λ are
obtained either from the standard Dixon-Lewis formulation pre-
sented in 2.2, either using the extended 1 + M model presented
in 2.4. In order to compare computational times, the standard
mixture-averaged approximation [23] can also be used to obtain
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ρYkVk (68), together with the mixture-averaged expressions for
Fick diffusion coefficients D(MA)

k (70), thermal diffusion coeffi-
cients D(MA)

T,k for “light” species (71) and thermal conductivity
λ(MA) (73) given in D. In all cases, the molecular viscosity µ
is obtained from (28) where the sums are reduced to the main
species only when the extended 1 + M model is used.

In order to analyse the results obtained with the different mul-
ticomponent transport approximations, we also consider a con-
served scalar Z: a non-reactive “mass fraction” equal to 1 in
the fuel stream and equal to 0 in the oxidiser stream. The dif-
fusion of this “mixture fraction” is assumed to correspond to
Lewis number equal to one, such that we solve the following
extra equation:

ρ
∂Z
∂t

= −(m − 1)F
∂Z
∂x

+
∂

∂x

 λ
Cp

∂Z
∂x

 , (33)

In this way, the solution of (29)-(32) can be considered either
in the 1D physical space as T (x) and Yk(x), either in Z-space as
T (Z) and Yk(Z).

4. Results

Table 1: Conditions of temperature T and species mole fractions Xk of fuel and
oxidiser for the different cases considered at atmospheric pressure, together
with the chemical mechanisms used in the calculations

Fuel Oxidiser Mech.
Case 1a T = 320K T = 1350K

Cabra et al. XCH4 = 0.33 XH2O = 0.15 58 species
[24] XO2 = 0.15 XO2 = 0.12 [28]

XN2 = 0.52 XN2 = 0.73
Case 1b 26 species

Cabra et al. see Case 1a see Case 1a E
[24] [29]

Case 2a T = 300K T = 300K
Dally et al. XCH4 = 0.5 XO2 = 0.2086 58 species

[25] XH2 = 0.5 XN2 = 0.7914 [28]
Case 2b 26 species

Dally et al. see Case 2a see Case 2a E
[25] [29]

Case 3 T = 300K T = 300K
Zhou et al. XC2H4 = 1.0 XO2 = 0.18 202 species

[26] XN2 = 0.82 [30]
Case 4 T = 700K T = 300K

Stagni et al. XC7H16 = 0.04556 XO2 = 0.21 300 species
[27] XO2 = 0.20043 XN2 = 0.79 [31]

XN2 = 0.75401

As summarised in Table 1, different 1D counterflow flames
at atmospheric pressure are considered in order to validate the
accuracy of the extended 1 + M model and to evaluate its ef-
ficiency. The counterflow diffusion flames in Case 1 and Case
2 correspond to the conditions of experimental methane turbu-
lent jet flames [24, 25], and Case 3 corresponds to an exper-
imental ethylene counterflow diffusion flame [26]. The coun-
terflow flame considered in Case 4 was studied numerically

[27]. It includes autoignition, premixed flame propagation and
non-premixed combustion since it corresponds to a hot rich pre-
mixed mixture of n-heptane in air injected on the fuel side.

4.1. Accuracy of the 1 + M extended model
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Figure 1: Inert mixing solution corresponding to Case 1a from Table 1 at strain
rate a = 100s−1 (with fuel boundary at x = 0cm, oxidiser boundary at x = 10cm
and fuel velocity ufu = 40cm/s): mole fraction and temperature profiles.
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Figure 2: Igniting diluted methane flamelet corresponding to Case 1a from Ta-
ble 1 at strain rate a = 100s−1 (starting from inert solution; with fuel boundary
at x = 0cm, oxidiser boundary at x = 10cm and fuel velocity ufu = 40cm/s).
Temperature profiles at discrete times t: every 0.5ms between t = 6.5ms and
t = 8.5ms.

The accuracy of the extended 1 + M model can be illustrated
by considering autoigniting flamelets starting from inert mixing
solutions shown in Figure 1, corresponding to Case 1a in Ta-
ble 1. In this case, the fuel and oxidiser conditions correspond
to the flame experimentally investigated by Cabra et al. [24] at
atmospheric pressure: a turbulent jet of methane/air mixture in
a coflow of hot products of lean premixed hydrogen/air com-
bustion. Figure 2 shows temperature profiles at different times
of igniting flamelets. This is a relevant test case in order to eval-
uate the accuracy of diffusive transport since ignition involves
different species in the ignition process like HO2, H2O2, CH2O
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or C2H6. We can verify in Figure 2 that the temperature evolu-
tion obtained using the extended 1 + M model matches almost
exactly the evolution obtained using the standard Dixon-Lewis
formulation. On the other hand, we can see in this case how
the mixture-averaged approximation leads to large discrepan-
cies in the temperature time evolution of the igniting flamelet.
Note that we could verify that these discrepancies are mostly
due to the small differences in the initial inert solution shown in
Figure 1.
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Figure 3: S-curve corresponding to Case 2a from Table 1 (potential flow steady
calculations).

A different way to show the accuracy of the extended 1 + M
model is to consider the maximum temperature of both stable
and unstable steady solutions at different strain rates up to ex-
tinction (“S-curve”). Figure 3 shows the S-curve correspond-
ing to the conditions of the Sydney bluff-body stabilised flames
[25] (Case 2a in Table 1), where the fuel is a mixture of CH4 and
H2. We can again observe that the results are almost indistin-
guishable whether the standard Dixon-Lewis multicomponent
formulation or the extended 1 + M model is used. The mixture-
averaged approximation predicts different maximum tempera-
tures and leads to extinction at a higher strain rate in this case.
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Figure 4: Species mole fraction and temperature profiles corresponding to Case
3 from Table 1 at strain rate a = 108.61s−1 (potential flow steady calculations:
the computational results are shifted in x-space in order to compare to experi-
mental data from Zhou et al. [26]).

We can also compare in more detail the flame structure by
looking at species concentration profiles. We consider here re-

sults for the ethylene counterflow flame studied by Zhou et al.
[26] in their research on soot formation (Case 3 in Table 1). In
this case, we use a rather large 202-species hydrocarbon-PAH
mechanism including polycyclic aromatic hydrocarbon (PAH)
formation [30]. Figure 4 shows profiles of temperature and
mole fractions of CO, H2 and benzene (referred to as A1), where
the formation of the latter is critical for larger PAHs and soot
formation. Again, the extended 1 + M model results are iden-
tical to standard Dixon-Lewis results, while discrepancies are
observed with the mixture-averaged assumption.
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Figure 5: Temperature profiles corresponding to Case 4 from Table 1 at global
strain rate a = 40s−1 (plug-flow steady calculations, with fuel velocity 76 cm/s,
oxidiser velocity 17.5 cm/s, and domain length 3.5 cm).

In order to deal with an even larger chemical mechanism,
Case 4 studied numerically by Stagni et al. [27] is also con-
sidered, using a large 300-species low temperature oxidation
mechanism for n-heptane [31]. At atmospheric pressure, a rich
premixed mixture of n-heptane and air at equivalence ratio 2.5
is injected on the fuel side at 700K (temperature where the mix-
ture can autoignite), and air at 300K is injected on the oxidiser
side. Figure 5 shows the temperature profile of the correspond-
ing steady flame at global strain rate a = 40s−1. Starting from
the fuel boundary we can observe a first low temperature rise
corresponding to autoignition of the premixed mixture, a sec-
ond temperature rise corresponding to flame propagation to-
wards the fuel boundary and a third temperature peak corre-
sponding to the diffusion flame. We can again observe that the
extended 1+M model gives the same results as standard Dixon-
Lewis, whereas the mixture-averaged approximation appears to
predict a lower flame propagation velocity and a slightly higher
temperature peak in this case.

In order to consider the efficiency of the extended 1 + M
model, we repeat Case 1a and Case 2a with a skeletal mech-
anism involving 26 species only [29] (resp. Case 1b and Case
2b). The skeletal mechanism was deduced from the 58-species
San Diego mechanism [28] used in Case 1a and Case 2a, and
is given in E. Case 1b and Case 2b are interesting since prac-
tical 3D calculations of methane flames would usually require
the use of such reduced mechanisms in order to reduce compu-
tational cost. Figures 6 and 7 show that the solutions obtained
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with the skeletal mechanism are indeed comparable to the solu-
tions obtained with the detailed mechanism shown in Figures 2
and 3.
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Figure 6: Igniting diluted methane flamelet corresponding to Case 1b from
Table 1 (legend: see Figure 2).
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Figure 7: S-curve corresponding to Case 2b from Table 1 (potential flow steady
calculations).

4.2. Cost of diffusion coefficient evaluation

We consider here the time τFick = τ(F)
L + τ(F)

solve spent on the
evaluation of Fick diffusion coefficients and τtherm = τ(T )

L +τ(T )
solve

the time spent on the evaluation of thermal diffusion coefficients
and thermal conductivity, where τ(F)

L is the time spent on the
construction of block matrix L00,00 and τ(T )

L the time spent on
the construction of the other blocks of matrix L. The times
τ(F)

solve and τ(T )
solve correspond to the remaining time spent on the

evaluation of the diffusion coefficients (where we do not include
the time spent on binary diffusion coefficients evaluation, Di j).
In Case 1a and Case 1b, the times are deduced from the steady
solutions at the considered strain rate a = 100s−1. In Case 2a
and Case 2b, only one strain rate from the stable steady solu-
tions is considered at a = 100s−1. In Case 3 and Case 4, we use
the calculations from Figure 4 and 5.

First of all, we verify the scaling of the times τ(F)
solve and τ(T )

solve.
When using the standard Dixon-Lewis formulation, τ(F)

solve is
mostly the time spent on the inversion of L00,00 which should
scale as N3

∗ = N3, whereas when using the extended 1 + M

model, it is the sum of the time τ(F)
11 spent on the inversion of

the M×M matrix of main species in (19) which should scale as
N3
∗ =

〈
M3

〉
and the time τ(F)

12 spent on the block matrix multi-

plication in (20) which should scale as N3
∗ =

〈
M2(N − M − 1)

〉
.

Here, the brackets refer to the average value over the 1D do-
main: for instance

〈
M3

〉
is the average value of the cube of the

number of main species M.
The time τ(T )

solve mostly corresponds to the resolution of
KL.a = X, such that it should scale as N3

∗ = (3N − n?)3

when using Dixon-Lewis. When using the Neuman series ap-
proximation (25)-(27), it should scale as N2

∗ = (3N − n? − 1)2

with the approximation of Córdoba and Arias-Zugasti [16], and
N2
∗ =

〈
(3NM − n?M − 1)2

〉
with the extended 1+M model, where

n?M is the number of monatomic main species.
In order to compare times from the different cases, we nondi-

mensionalise the times by an average computational time spent
on one single chemical reaction:

τprop =
τprop

τchem/Nreac
(34)

where τchem is the time spent on the evaluation of the chemi-
cal source terms ω̇k and Nreac is the number of reactions in the
chemical mechanism considered, such that τchem/Nreac is the av-
eraged time spent on one single reaction and has similar values
for the different test cases (and different chemical mechanisms)
considered.
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Figure 8: Dimensionless times from (34) spent on Fick (blue) and thermodif-
fusion (red) problem resolution, as function of N∗ defined for each curve (see
legend in the figure): using Dixon-Lewis standard formulation (D-L), Córdoba
and Arias-Zugasti approximation (C/AZ) and the extended 1+M model (1+M).

Figure 8 illustrates the scaling of τ(F)
solve (where τ(F)

solve = τ(F)
11 +

τ(F)
12 , with the extended 1 + M model) and τ(T )

solve as function of
N∗ as discussed above. Concerning Fick diffusion coefficients,
we will see more clearly in Figure 9 how the extended 1 + M
model reduces the time τ(F)

solve, compared to Dixon-Lewis. When
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using the extended 1 + M model we can see that the main con-
tribution to τ(F)

solve is the time τ(F)
12 spent on matrix multiplication

(20). Concerning the thermodiffusion problem, we clearly see
how the approximation of Córdoba and Arias-Zugasti reduces
the cost of the resolution of KL.a = X, and how it scales as N2

as discussed in [16]. Moreover, we can observe the advantage
of using the extended 1 + M model which further reduces the
cost by reducing the size of the problem.

Cost of the construction of matrix L. The computational time
τ(F)

L required for the construction of the first block L00,00 is in-
luded in the time τFick spent on evaluating the Fick diffusion co-
efficients, and the time τ(T )

L for the construction of the remaining
blocks of matrix L is included in the time τtherm spent on ther-
mal diffusion coefficients and thermal conductivity. Times τ(F)

L

and τ(F)
solve are shown in Figure 9, and times τ(T )

L and τ(T )
solve are

shown in Figure 10. They are now plotted as a function of the
total number of species N in order to compare their values when
using different formulations.
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Figure 9: Dimensionless time from (34) τFick = τ(F)
L + τ(F)

solve spent on Fick
diffusion coefficient evaluation, as function of the total number of species N,
using Dixon-Lewis standard formulation (D-L), and the extended 1 + M model
(1+M).

We can observe in Figure 9 that when using Dixon-Lewis,
the time spent on the inversion of the first block matrix is al-
ways larger than the time spent on the construction of L00,00.
As mentioned earlier, τ(F)

solve is significantly reduced when using
the extended 1 + M model. However, in this case it remains
of the same order of magnitude as τ(F)

L , since it is mainly con-
trolled by the time τ(F)

12 spent on matrix multiplication (20).
In the same way, we can observe in Figure 10 that with

Dixon-Lewis the time spent on the resolution of KL.a = X
is always larger than the time spent on the construction of L.
We can observe the gain implied by using the approximation of
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Figure 10: Dimensionless time from (34) τtherm = τ(T )
L + τ(T )

solve spent on ther-
modiffusion coefficient evaluation, as function of the total number of species
N, using Dixon-Lewis standard formulation (D-L), Córdoba and Arias-Zugasti
approximation (C/AZ) and the extended 1 + M model (1+M).

Córdoba and Arias-Zugasti (here with n = 3 in (25)), where the
cost of the resolution of KL.a = X is now lower than the cost
of the construction of L, but of the same order of magnitude.
With the extended 1 + M model, the cost of the resolution of
the system drops dramatically such that the time for the evalu-
ation of thermal diffusion coefficients and thermal conductivity
is mostly controlled by the time spent on the construction of L,
which is also largely reduced compared to the approximation of
Córdoba and Arias-Zugasti.

4.3. Comparison of property evaluation times

We can now compare the global time spent on transport prop-
erty evaluation which, in addition to τFick and τtherm, should also
include the time spent on the evaluation of binary diffusion co-
efficientsDi j from (43) and molecular viscosity µ from (28). In
each case, we compute the time τprop spent on the evaluation of
the different properties:

τvisc viscosity µ
τbdiff binary diffusion coefficientsDi j

τFick Fick diffusion coefficients Di j

τtherm thermal diffusion coeff. DT,i and conductivity λ
τchem chemical source terms ω̇k

and we compare the dimensionless times:

τ̃prop =
τprop

τchem
(35)

giving the relative time spent on a given property compared to
the time spent on chemical source terms evaluation.
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Focusing on the comparison between standard Dixon-Lewis
formulation, extended 1 + M model and mixture-averaged ap-
proximation, all dimensionless times are reported in Table 2
(Case 1b and Case 2b using the 26-species skeletal mechanism),
Table 3 (Case 1a and Case 2a using the 58-species mechanism),
Table 4 (Case 3 using the 202-species mechanism) and Table 5
(Case 4 using the 300-species mechanism)

Table 2: Dimensionless times from steady flamelet calculations (26-species
skeletal mechanism), and average number of main species 〈NM〉 = 〈1 + M〉
and maximum number of main species NM,max in the computational domain.

D.-L. 1 + M 1 + M Mix.-av.
N = 26 Case 1b/2b Case 1b Case 2b Case 1b/2b
〈NM〉 12.31 10.97
NM,max 19 19
τ̃visc 0.31 0.16 0.14 0.31
τ̃bdiff 0.28 0.24 0.23 0.28
τ̃Fick 1.23 0.50 0.46 0.05
τ̃therm 7.25 1.08 0.93 0.02
Total 9.07 1.98 1.76 0.66

Table 3: Dimensionless times from steady flamelet calculations (58-species
mechanism), and average number of main species 〈NM〉 = 〈1 + M〉 and maxi-
mum number of main species NM,max in the computational domain.

D.-L. 1 + M 1 + M Mix.-av.
N = 58 Case 1a/2a Case 1a Case 2a Case 1a/2a
〈NM〉 13.65 11.62
NM,max 22 21
τ̃visc 0.41 0.06 0.04 0.41
τ̃bdiff 0.37 0.28 0.27 0.37
τ̃Fick 2.41 0.48 0.43 0.08
τ̃therm 16.56 0.43 0.34 0.02
Total 19.75 1.25 1.08 0.88

Table 4: Dimensionless times from steady flamelet calculations in Case 3 (202-
species mechanism), and average number of main species 〈NM〉 = 〈1 + M〉 and
maximum number of main species NM,max in the computational domain.

N = 202 D.-L. 1 + M Mix.-av.
〈NM〉 21.93
NM,max 43
τ̃visc 1.12 0.04 1.12
τ̃bdiff 0.95 0.60 0.95
τ̃Fick 15.47 0.97 0.20
τ̃therm 144.42 0.33 0.01
Total 161.96 1.94 2.28

We can now quantify more clearly the gain implied by the ex-
tended 1+M model compared to standard Dixon-Lewis, already
observed in Figures 9 and 10. Compared to standard Dixon-
Lewis, the extended 1 + M model reduces the time τ̃Fick by a

Table 5: Dimensionless times from steady flamelet calculations in Case 4 (300-
species mechanism), and average number of main species 〈NM〉 = 〈1 + M〉 and
maximum number of main species NM,max in the computational domain.

N = 300 D.-L. 1 + M Mix.-av.
〈NM〉 31.06
NM,max 63
τ̃visc 0.33 0.01 0.33
τ̃bdiff 0.30 0.17 0.30
τ̃Fick 6.25 0.33 0.06
τ̃therm 139.01 0.09 0.002
Total 145.89 0.60 0.69

factor 2.5 in the 26-species case up to nearly a factor 20 in the
300-species case, and it reduces the time τ̃therm by a factor 7 in
the 26-species case up to a factor 1500 in the 300-species case.

When using the extended 1+M model, also thanks to the gain
on molecular viscosity evaluation, the total time spent on trans-
port property evaluation is of the same order as the mixture-
averaged time (and of the same order as the time τchem spent on
chemical source term evaluation). The total time with the ex-
tended 1 + M model is even smaller than mixture-averaged for
large number of species N. Compared to standard Dixon-Lewis
formulation, the total time is already reduced by a factor 5 when
using the 26-species mechanism, and drops as the number of
species considered increases: by a factor 15 with 58 species,
by a factor 85 with 202 species and by a factor 240 with 300
species.

As reflected in Table 2 and Table 3, when using Dixon-
Lewis formulation or mixture-averaged approximation, the di-
mensionless times only depend on the chemical mechanism
used and not on the test case considered, since the evaluation
of properties depends on the number of species N. When using
the extended 1+ M model, for a given chemical mechanism, the
average number of main species 〈NM〉 = 〈1 + M〉 depends on
the case considered and the dimensionless times are shorter as
〈NM〉 is lower.

4.4. Main species distribution

The efficiency of the extended 1 + M model is closely related
to the average number of main species 〈NM〉 = 〈1 + M〉. It
is therefore useful to look at the distribution of the number of
main species NM = 1 + M in the different calculations.

Figures 11, 12 and 13 show the distributions of the number of
main species corresponding to the counterflow diffusion flame
calculations reported in Tables 3 and 4, both in physical space
x and as a function of the “mixture fraction” Z corresponding
to (33). The temperature profiles also give an idea on the dis-
cretisation of the 1D domain by showing the distribution of grid
points (symbols).

In all three cases, we can observe how the number of main
species reduces to the few species given as boundary conditions
in Table 1 in pure fuel and pure oxidiser. In 3D calculations of
diffusion flames this will be important since part of the compu-
tational cells will indeed correspond to these compositions (in
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Figure 11: Case 1a corresponding to the calculation reported in Table 3 (steady
flamelet at strain rate a = 100s−1, with plug-flow boundary at x = 0cm and
potential flow boundary at x = 10cm): number of main species NM = 1 + M
(blue line) and temperature profile (black line and symbols), in 1D physical
space (top) and as a function of Z from (33) (bottom).

particular pure oxidiser corresponding to the coflow composi-
tion in jet flame configurations).

Another observation in all three cases is that the number of
main species is the highest on the rich side of the flame. This
corresponds to the mixing between combustion products on the
rich side of the reaction zone and pure fuel mixture. We can
expect that this will imply a high efficiency of the extended 1 +

M model in 3D calculations of realistic diffusion flames where
the oxidiser is usually in excess and where a large part of the
computational domain therefore corresponds to lean mixtures.

In Figures 14, the distribution of the number of main species
corresponding to the partially premixed counterflow flame cal-
culation reported in Table 5 is shown in physical space (in this
partially premixed case, a representation in Z-space would not
make much sense). It is interesting to observe how the num-
ber of main species is the highest in the autoignition zone, in
the following “cool flame” region and in the premixed flame
propagation front. We can again expect that in realistic 3D
calculations of n-heptane spray flames corresponding to these
conditions, the region of large number of main species would
correspond to a reduced part of the total computational domain.
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Figure 12: Case 2a corresponding to the calculation reported in Table 3 (steady
flamelet at strain rate a = 100s−1 with potential flow boundaries both at x =

0cm and x = 2cm): see caption from Figure 11.

5. Conclusions

An accurate and efficient multicomponent transport model
for both Fick diffusion fluxes and thermal diffusion fluxes has
been presented. It combines the lowest order 1 + M model
formulation by Naud and Arias-Zugasti [15] for the evaluation
of Fick diffusion coefficients (including an efficient approxima-
tion of molecular viscosity) and an extension of the recent for-
mulation by Córdoba and Arias-Zugasti [16] for the evaluation
of thermal diffusion coefficients and thermal conductivity. We
show that the dimension of the latter can indeed be significantly
reduced by removing all the species considered dilute accord-
ing to the 1 + M formulation by Naud and Arias-Zugasti.

Different calculations of steady and unsteady 1D counterflow
flames are performed. The proposed extended 1 + M model
results prove to be in almost perfect correpondence with the
results from the complete Dixon-Lewis formulation. The total
cost of the extended 1+M model appears to be of the same order
as the standard mixture-averaged model in all cases, being even
cheaper when the number of species N is large.

Concerning Fick diffusion coefficients, we show how the ef-
ficient 1 + M model by Naud and Arias-Zugasti reduces both
the cost of the construction and the evaluation of the inverse of
matrix L00,00, compared to standard Dixon-Lewis formulation.
The time spent on the matrix inverse is similar to the time spent
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Figure 13: Case 3 corresponding to the calculation reported in Table 4 (steady
flamelet at strain rate a = 108.61s−1 with potential flow boundaries both at
x = 0cm and x = 2cm): see caption from Figure 11.
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Figure 14: Case 4 corresponding to the calculation reported in Table 5 (steady
flamelet at global strain rate a = 40s−1 with plug flow boundaries both at x =

0cm and x = 3.5cm): see caption from Figure 11 (here only in physical space).

on the construction of the matrix. It is mostly controlled by
the diffusion of main species into dilute species (20), compared
to the M × M matrix inversion concerning main species only.
Compared to standard Dixon-Lewis, this leads to a reduction
by a factor 2.5 in the 26-species case up to nearly a factor 20 in
the 300-species case.

Concerning the thermodiffusion problem, we verify that the
recent formulation by Córdoba and Arias-Zugasti implies a sig-
nificant cost reduction compared to standard Dixon-Lewis for-
mulation. It is mostly related to the reduction of the cost of
the resolution of the system KL.a = X, which becomes similar
to the cost of the construction of matrix L. With the proposed
extended 1 + M model, the cost is further reduced due to the
reduction of the size of the problem. Compared to standard
Dixon-Lewis, this leads to a reduction by a factor 7 in the 26-
species case up to a factor 1500 in the 300-species case.

With the extended 1 + M model, the total cost of transport
coefficient evaluation (Fick and thermal diffusion coefficients,
thermal conductivity, molecular viscosity) is reduced by a fac-
tor 5 when using a rather small 26-species skeletal mechanism
for methane oxidation. It is reduced by an order of magnitude
when a detailed 58-species mechanism is used, and by two or-
ders of magnitude with a 202-species or a 300-species mecha-
nism.

For the counterflow diffusion flames considered, we show
that the number of main species considered in the extended
1 + M model is the highest for rich mixtures. This suggests
that the proposed model will be very efficient in realistic diffu-
sion flame calculations where a large part of the computational
domain will correspond to lean mixtures, and where a signifi-
cant part of the computational domain will even possibly cor-
respond to pure oxidiser composition. The distribution of main
species in the more complex case of a partially premixed rich n-
heptane/air counterflow diffusion flame (including autoignition)
also suggests that the proposed model would be very efficient
in realistic 3D calculations of n-heptane sprays.
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A. Transport properties

In this Appendix, we detail the multicomponent transport
properties as implemented in [5].

A.1. Molecular viscosity and binary diffusion coefficients

The single-component viscosity of species k is given as:

ηk = 2.6693.10−5
√

TWk

σ2
kΩ

(2,2)∗
kk

(36)

with Wk the molar weight of molecule k, T the temperature in K
and σk the Lennard-Jones collision diameter in Å. The binary
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diffusion coefficientsDi j in [cm2/s] are given as:

Di j = 0.001858

√
T 3 Wi+W j

WiW j

pσ2
i jΩ

(1,1)∗
i j

(
1 + ∆i j

)
(37)

with p the pressure in atm and where σi j is obtained as:

σi j =
1
2

(
σi + σ j

)
if both i and j are polar or non-polar

σi j =
1
2

(
σi + σ j

)
ξ−1/6 otherwise

(38)

and where ∆i j is the correction term proposed by Marrero and
Mason [33].

The reduced collision integrals Ω
(1,1)∗
i j and Ω

(2,2)∗
i j are obtained

from quadratic interpolations of the tables based on Stockmayer
potentials given in Monchick and Mason [1], as functions of the
reduced temperatures T ∗i j and reduced dipole moments δ∗i j:

T ∗i j =
kBT
εi j

(39)

where kB is the Boltzmann constant and

δ∗i j =
1
2

µiµ j
√
εi jσ

3
i j

if both i and j are polar or non-polar

δ∗i j =0 otherwise
(40)

with µk the dipole moment of molecule k and where εi j is ob-
tained from the Lennard-Jones potentials εk:

εi j =
√
εiε j if both i and j are polar or non-polar

εi j =ξ2 √εiε j otherwise
(41)

In the case of a polar molecule p interacting with a non-polar
molecule n, the parameter ξ in (38) and (41) reads:

ξ = 1 +
1
4
αn

σ3
n

µ2
p

εpσ
3
p

√
εp

εn
(42)

with αn the polarizability of the non-polar molecule.
In our practical applications, Equations (36) and (37) are

computed over a given range of temperatures [Tmin,Tmax], and
a polynomial fit algorithm is used in order to obtain an approx-
imation of the logarithm of the properties versus the logarithm
of the temperature, as:

ln ηk =

4∑
n=1

an,k (ln T )n−1

lnDi j =

4∑
n=1

dn,i j (ln T )n−1

(43)

such that (36) and (37) are only calculated once over the tem-
perature range [Tmin,Tmax] at the begin of the calculation in or-
der to evaluate the coefficients an,k and dn,i j. During the calcu-
lation, the less time consuming polynomial fits (43) are used in
order to evaluate the transport properties.

A.2. Properties required for thermal diffusion

In order to obtain thermal diffusion coefficients and thermal
conductivity, the following properties are required:

Cv,k = Cp,k − R =Ctrans
v,k + Cint

v,k

= Ctrans
v,k︸︷︷︸

Ctrans
v,k = 3

2 R

+Crot
v,k + Cvib

v,k (44)

where Cp,k is the heat capacity at constant pressure of species k
and R is the universal gas constant. For monatomic molecules
Crot

v,k = 0 and Cvib
v,k = 0, and otherwise:

Crot
v,k

R
= 1 for linear nolecules

Crot
v,k

R
=

3
2

for nonlinear nolecules

(45)

Dimensionless matrices A∗i j, B∗i j and C∗i j define the ratios of
collision integrals:

A∗i j =
1
2

Ω
(2,2)
i j

Ω
(1,1)
i j

, B∗i j =
1
3

5Ω
(1,2)
i j −Ω

(1,3)
i j

Ω
(1,1)
i j

, C∗i j =
1
3

Ω
(1,2)
i j

Ω
(1,1)
i j

(46)

They are tabulated as polynomial functions of ln
(
T ∗i j

)
[1, 5],

with T ∗i j the reduced temperature defined in (39).
The rotational relaxation collision number ξk at temperature

T is obtained from its given value at 298K, following the tem-
perature dependence F(T ) given by Parker [34] and Brau and
Jonkman [35]:

ξk(T ) = ξk(298)
F(298)
F(T )

(47)

B. Multicomponent thermodiffusion matrices

Following Dixon-Lewis [4], the multicomponent thermodif-
fusion problem is written as:

K

L
00,00 L00,10 0

L10,00 L10,10 L10,01

0 L01,10 L01,01


a00
a10
a01

 =

0
X
X

 , K =
16T
25p

(48)

with T the temperature, p the pressure, Xk the mole fraction of
species k, Wk the molar weight of species k and Di j the binary
diffusion coefficients obtained from (43).

L00,00
i j =

XiX j

Di j
−

N∑
k=1

XiXk

Dik
δi j +

N∑
k,i

W j

Wi

X jXk

Dik


L00,10

i j = −
XiX j

Di j

Wi

Wi + W j

(
3C∗ji −

5
2

)
+

N∑
k=1

XiXk

Dik

Wk

Wi + Wk

(
3C∗ik −

5
2

)
δi j

L10,00
i j =L00,10

ji
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L10,10
i j =

XiX j

Di j

WiW j(
Wi + W j

)2

[
15
2

+
25
4
− 3B∗i j

−4A∗i j

(
1 +

5
3π

(
crot,i

kBξi
+

crot, j

kBξ j

))]
−

N∑
k=1

XiXk

Dik

1
(Wi + Wk)2

[
15
2

W2
i +

(
25
4
− 3B∗i j

)
W2

k

+4A∗ik

(
1 +

5
3π

(
crot,i

kBξi
+

crot,k

kBξk

))
WiWk

]
δi j

L10,01
i j =

10
π

[
XiX j

Di j

W j

Wi + W j
A∗ji

crot, j

kBξ j

kB

cint, j

+

N∑
k=1

XiXk

Dik

Wi

Wi + Wk
A∗ik

crot,i

kBξi

kB

cint,i
δi j


L01,10

i j =L10,01
ji

L01,01
i j = −

25
4

kB

cint,i

×

 N∑
k=1

XiXk

Dik

Dik

Dint
ik

+
12
5π

Wi

Wk
A∗ik

crot,i

kBξi

kB

cint,i

 δi j

As already mentioned after Equation (46), the dimensionless
matrices A∗i j, B∗i j and C∗i j are tabulated as polynomial functions.
For non-polar gases the binary diffusion coefficients for internal
energy Dint

ik are approximated by Dik. In the case of collisions
between polar molecules of the same species p where the ex-
change is energetically resonant, a large correction is included
of the form discussed by Mason and Monchick [2], as explained
by Dixon-Lewis [4, 5]:

Dpp

Dint
pp

= 1 + δ
′

pp with δ
′

pp =
2985
√

T 3
(49)

The rotational and internal parts of the species molecular heat
capacities represented by crot,k and cint,k correspond to:

crot,k

kB
=

Crot
v,k

R

cint,k

kB
=

Cv,k

R
−

Ctrans
v,k

R
=

Cp,k

R
−

5
2

(50)

where Crot
v,k is obtained from (45) and Ctrans

v,k = 3
2 R. The rotational

relaxation collision number ξk for species k is given by (47).
For monatomic species, crot,k and cint,k are equal to zero such
that the submatrix L01,01

i j can be written as a (N − n?)× (N − n?)
matrix, with n? the number of monatomic species.

C. Multicomponent thermodiffusion block matrix inverse

Two different formula for block matrix inverse can be used:(
A B
C D

)−1

=

(
A−1 + A−1BD−1CA−1 −A−1BD−1

−D−1CA−1 D−1

)
(51)

with D−1 = (D − CA−1B)−1

or (
a b
c d

)−1

=

(
A−1 −A−1bd−1

−d−1cA−1 d−1 + d−1cA−1bd−1

)
(52)

with A−1 = (a − bd−1c)−1

We can apply (51) to L defined as a block matrix:

A = L00,00 B =
(
L00,10 0

)
C =

(
L10,00

0

)
D =

(
L10,10 L10,01

L01,10 L01,01

) (53)

such that:

L−1 =

(
L−1 + L−1BD−1CL−1 −L−1BD−1

−D−1CL−1 D−1

)
(54)

with L−1 the inverse of L00,00, and where we need to invert
the matrix D = (D − CL−1B) which can be written as a block
matrix:

a = L10,10 − L10,00L−1L00,10 b = L10,01

c = L01,10 d = L01,01 (55)

such that applying (52), we obtain:

D−1 =

(
(LT )−1 −(LT )−1L10,01(L01,01)−1

−L̃01,10(LT )−1
[
1 + L̃01,10(LT )−1L10,01

]
(L01,01)−1

)
(56)

where the inverse of the diagonal matrix (L01,01)−1 is straight-
forward, and where:

LT = L10,10 − L10,00L−1L00,10 − L10,01L̃01,10 (57)

L̃01,10 = (L01,01)−1L01,10 (58)

In this way, the system L.a = X can be solved as a = L−1.X,
where the inverse of the (3N − n?) × (3N − n?) matrix L only
requires the inversion of two N × N matrices L and LT , since
the inverse of the (N − n?) × (N − n?) diagonal matrix L01,01 is
straightforward.

This is the general idea followed by Córdoba and Arias-
Zugasti [16]. Moreover, they rewrite the problem L.a = X as
F.̃a = X̃:1 + A F00,10 0

F10,00 F10,10 F10,01

0 F01,10 1


̃a00
ã10
ã01

 =


0

X̃10

X̃01

 (59)

such that the inverse of the (N − 1) × (N − 1) matrix 1 + A
can be obtained following Arias-Zugasti et al. [14] or Naud and
Arias-Zugasti [15]. The second matrix to be inverted is

1 + AT = F10,10 − F10,00(1 + A)−1F00,10 − F10,01F01,10 (60)

where the system is properly rescaled such that the matrix in-
verse is approximated from Neumann series:

(1 + AT )−1
i j =

 ∞∑
r=0

(−AT )r


i j

=δi j − AT,i j +
∑

k

AT,ikAT,k j − ...

(61)
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The solution of system (59):

ã10 = − (1 + AT )−1
(
F10,01X̃01 − X̃10

)
(62)

ã01 =X̃01 − F01,10ã10 (63)

ã00 = − (1 + A)−1 F00,10ã01 (64)

can then be approximated using the Neumann series (61) trun-
cated at order n:

ã10 ≈

n∑
r=0

w(r) (65)

where:

w(0)
i =X̃10,i −

∑
k

F10,01
ik X̃01,k (66)

w(r)
i =w(r−1)

i +
∑

j

(
−F10,10

i j + Gi j +Hi j

)
w(r−1)

j (67)

with Gi j =
∑

k

F10,00
ik

∑
`

(1 + A)−1
k` F00,10

` j


and Hi j =

∑
k

F10,01
ik F01,10

k j

D. Mixture-averaged approximation

As in A, we detail here the transport properties for the
mixture-averaged approximation as implemented in [5]. When
the mixture-averaged approximation is used, the diffusion
fluxes (1) are written as:

ρViYi = −ρ
Wi

W
D(MA)

i ∇X j − ρYiD
(MA)
T,i ∇ln T (68)

and a correction velocity Vc is added to species diffusive ve-
locity Vi in order to ensure that the net species diffusion flux is
zero:

Vc =

N∑
j

Y jV j (69)

In this case, the effective diffusion coefficient D(MA)
i of the

i-th species into the mixture is approximated as:

D(MA)
i =

1 − Yi∑
j,i X j

/
D ji

(70)

The thermal diffusion coefficients D(MA)
T,i are considered to

be non-zero for “light” species only (typically H, He and H2).
They are obtained as:

D(MA)
T,i = D(MA)

i

∑
k

θikXk (71)

with

θik =
15
2

(
2A∗ik + 5

) (
6C∗ik − 5

)
A∗ik

(
16A∗ik − 12B∗ik + 55

) Wi −Wk

Wi + Wk
(72)

The thermal conductivity of the mixture is evaluated as:

λ(MA) =
1
2

∑
k

Xkλk +
1∑

k Xk/λk

 (73)

where the pure thermal conductivities λk are assumed to be
composed of transitional, rotational and vibrational contribu-
tions and are obtained from the pure viscosities ηk as [32]:

λk =
ηk

Wk

(
f trans
k Ctrans

v,k + f rot
k Crot

v,k + f vib
k Cvib

v,k

)
(74)

Following Warnatz [32]:

f trans
k =

5
2

1 − 2
π

Crot
v,k

Ctrans
v,k

Ak

Bk


f rot
k =

ρDkk

ηk

(
1 +

2
π

Ak

Bk

)
and f vib

k =
ρDkk

ηk

(75)

with

Ak =
5
2
−
ρDkk

ηk
and Bk = ξk +

2
π

5
3

Crot
v,k

R
+
ρDkk

ηk

 (76)

where ηk, Dkk and ξk are obtained from (36), (37) and (47),
respectively, and where Ctrans

v,k , Crot
v,k and Cvib

v,k are defined in (44)
and (45).

As for species viscosities and binary diffusion coefficients,
Equations (72) and (74) are computed over a given range of
temperatures [Tmin,Tmax], and a polynomial fit algorithm is
used in order to obtain an approximation of the properties [5]:

θik =

4∑
n=1

αn,ikT n−1

ln λk =

4∑
n=1

βn,k (ln T )n−1

(77)

such that (72) and (74) are only calculated once over the tem-
perature range [Tmin,Tmax] at the begin of the calculation in or-
der to evaluate the coefficients αn,ik and βn,k.

E. Skeletal mechanism for methane oxidation

In Table 6, we give the 77 reactions of the 26-species skeletal
mechanism considered, where reactions 31, 41, 64, 67, 69, 76
and 77 are simply considered as forward reactions. The reaction
rates are obtained from [28] (where reactions 14, 16 and 19 are
duplicate reactions).
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