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Abstract

An asymptotic study for a counterflow burner consisting of thin channels with heat exchange is proposed. The
focus is made on the cases of ultra lean burning using a model of a two-step chain-branching chemistry. The ratio
of the channel length to the thermal flame thickness is used as a natural large parameter. Then, the solution is
constructed by the method of asymptotic expansions using this parameter. Finally, the obtained asymptotic for
the flame position is satisfactorily compared with the exact solution of the problem. These explicit results have a
clear advantage in that they facilitate considerably the parametric analysis. It is demonstrated that combustion of
mixtures below the flammability limit can be carried out in the considered systems.
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1. Introduction

The study of superadiabatic combustion devices
has received noticeable attention recently, although
the idea of carrying out combustion in these systems
emerged a long time ago [1–3]. This attention is due
to their ability to obtain a stable combustion process
for mixtures with a low heat content allowing to burn
fuel/air mixtures under the flammability limit or low
grade fuels. Their defining property is the useful uti-
lization of heat from combustion for preheating the
cold initial mixture. Reviews of these devices can be
found at [4–6].

The study of the flame structure and stability in
superadiabatic burners has been mainly carried out
within the framework of the one-step chemical Arrhe-
nius model [7–13]. Despite an excellent qualitative
and quantitative description of the combustion pro-
cess, this model does not contain the essential ingre-
dient needed to describe the combustion of lean mix-
tures. In the one-step Arrhenius model, there is no
flammability limit for the mixture, namely, there is
not a flame temperature below which combustion is
impossible.

The simplest combustion kinetics containing a
flammability limit includes the two-step chain-
branching mechanism. This model was proposed
in [14–16] and later developed in [17–21]. Subse-
quently, this mechanism was widely used to study var-
ious flame properties [22–28].

An analysis of a simplified counterflow mi-
croburner configuration using this chain-branching
mechanism was recently presented in [29]. In that
study the combustion process occurred only in one
channel while the adjacent channel contained a neu-
tral gas serving as a heat carrier. In the present paper,
we propose an analysis of a more complex configu-
ration, where the combustion process is considered
in two counterflowing channels. Emphasis is made
on studying the asymptotic cases corresponding to a
long device, when its length is much greater than the
thermal width of the flame. This technique allows to
obtain explicit analytical expressions for the flame po-
sition and the conditions for its existence.

2. Mathematical formulation

A sketch of the microburner configuration investi-
gated in the present study is shown in Fig. 1. The mix-
ture of fuel and oxidizer flows in adjacent channels
in the opposite directions. The initial temperature of
both channels is equal to T0 and the initial mass frac-
tion of the combustible substance is F0. The mixture
is assumed to be deficient in fuel while the mass frac-
tion of the oxidizer, which is in abundance, remains
nearly constant. According to the diffusive-thermal
model applied in the present study, the density of the
mixture ρ, the heat capacity cp, the thermal conduc-
tivity, λ, and the molecular diffusivities of the fuel and
radical species in the mixture, DF , DZ , are all con-
stant. DT = λ/ρcp stands for the thermal diffusivity,
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Fig. 1: Sketch of the microburner configuration. Heat ex-
change between the channels takes place within the segment
0 < x < ℓ. Arrows indicate gas flow directions and the
vertical bold lines indicate flames located at xf1 and xf2 .

and is also constant within this model.
The channel system is assumed to be laterally peri-

odic so that only two adjacent channels need to be
considered in order to describe the steady-state so-
lutions. The channels are also assumed to be thin
enough to allow a one-dimensional model to be ap-
plied to describe the process [13]. Thermal exchange
between the channels occurs within a segment of
length L. As demonstrated in [29], for a sufficiently
large length L, the model used to described the ther-
mal conditions at x < 0 and x > L becomes insignif-
icant. In this study, we assume that heat transfer with
the external environment outside the heat exchange
segment is so fast that the temperature of the gas en-
tering this segment is equal to the temperature of the
external environment, which is equal to T0.

The two-step chain-branching kinetic mechanism
used in the present study is identical to that developed
in [19–21]. This chemistry includes the autocatalytic
reaction, F + Z → 2Z, and the recombination reac-
tion, Z+M → P+M+Q, with reaction rates given
by

ΩB = AB(ρF/WF ) · (ρZ/WZ) e
−E/RgT ,

ΩC = AC(ρZ/WZ) · (ρ/W ),
(1)

where ΩB is the chain-branching reaction rate, as-
sumed to be thermally sensitive with activation en-
ergy E, and ΩC is the completion reaction rate with
zero activation energy. As usual, all the heat, Q, is re-
leased in the completion step. In Eq. (1) AB and AC

represent the reaction rate constants, ρ is the density,
T is the temperature, F and Z are the mass fractions
of fuel and radicals, Rg is the universal gas constant,
and WF , WZ and W are the fuel, radical and mean
molecular weights, respectively.

The main feature of this combustion model is the
presence of a chain-branching crossover temperature,
Tc, below which the rate of removal of the radi-
cal is larger than the rate of chain-branching. The
crossover temperature Tc is determined by the rela-
tion ΩB = β2ΩC evaluated at the initial fuel mass
fraction F0, where β = E(Tc − T0)/RgT

2
c is the

Zel’dovich number based on Tc. It is important to see
that the radical mass fractions Z in ΩB and ΩC are
canceled out and, finally, Tc is defined by the equa-
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tion

AB

AC

W

WF
F0 =

{
E

Rg
· Tc − T0

T 2
c

}2

eE/RgTc . (2)

The characteristic time and length used to define
the dimensionless variables, x = x̃/Lc and t = t̃/tc,
are chosen from the following relations

tc DT /L
2
c = 1, tcρAC/W = 1. (3)

Using F0 and Z0 = (WZ/WF )F0 to normalize the
mass fractions of fuel and radicals, respectively, and
the dimensionless temperature θ = (T − T0)/(Tc −
T0), the steady-state dimensionless governing equa-
tions take the form

±mF I
i = Le−1

F F II
i − ωi , (4)

±mZI
i = Le−1

Z ZII
i + ωi − Zi, (5)

±mθIi = θIIi + qZi ± b (θ2 − θ1) , (6)

where the subscripts i = 1 and 2, together with the
upper and lower signs in the equations, refer to the
first and second channel, respectively, while fI de-
notes the derivative of f with respect to x. The di-
mensionless reaction rate takes the form

ωi = β2 Fi Zi exp

{
β(θi − 1)

1 + γ(θi − 1)

}
. (7)

In Eqs. (4)-(6) b is the effective dimensionless co-
efficient of heat exchange between channels defined
below, ℓ = L/Lc is the dimensionless length of the
heat exchange segment, m = U/Uc is the dimension-
less flow velocity, q = QF0/cp(Tc − T0)WF is the
dimensionless heat of reaction, γ = (Tc − T0)/Tc is
the heat release parameter and LeF = DT /DF and
LeZ = DT /DZ are the Lewis numbers of the fuel
and radicals. The critical value for the flammability
limit within the model used, qc, depends on β. In the
limit β ≫ 1, we have qc = 1, see [29].

A linear model is used to simulate the process of
heat exchange between channels, as in [13]. For thin
channels, the final expression for b takes the form.

b = α
λw

λ

L2
c

HHw
, (8)

where H and Hw are the channel and wall widths,
respectively, and λw is the wall thermal conductivity.
The value of the coefficient α depends on the config-
uration of the burner: if a periodic array of channels is
considered, as is done in [13], then α = 2. If we con-
sider only two channels with thermally isolated lateral
adiabatic walls, α = 1.

According to the burner configuration under inves-
tigation, Eqs. (4) and (5) are considered for −∞ <
x < ∞, while Eqs. (6) need to be solved only within
0 < x < ℓ. The following boundary conditions are

applied for the mass fractions of fuel and radicals and
for the temperature

x → −∞ : F1 − 1 = F I
2 = Z1 = Z2 = 0 ,

x → ∞ : F I
1 = F2 − 1 = Z1 = Z2 = 0 ,

(9)

x = 0, ℓ : θ1 = θ2 = 0 . (10)
The flame positions, xf1 and xf2, are defined be-

low as the points where the temperature is equal to the
branching temperature, θ1(xf1) = 1 and θ2(xf2) =
1. For finite values of β, these points are close to those
where the corresponding radical mass fractions Z1,2

reach their maximum values. In the high activation
energy asymptotic limit (HAEA) considered below,
these points coincide.

In what follows, we consider only the solutions that
are symmetric with respect to the point x = ℓ/2,

θ2(x) = θ1(ℓ− x) , F2(x) = F1(ℓ− x) ,

Z2(x) = Z1(ℓ− x) .
(11)

Thus, the flame positions in the first and second chan-
nels are also located symmetrically with respect to
x = ℓ/2, i.e. xf2 = ℓ−xf1. For this reason, in order
to characterize the state of the system, it is sufficient
to describe the flame position and the distributions of
variables in the first channel. The corresponding in-
dex will be omitted for brevity. Thus, xf will be used
below instead of xf1 when it does not cause confu-
sion.

When looking for symmetric distributions, two
flame configurations should be considered. In the
first case, the flame in the first channel is located at
0 < xf1 < ℓ/2, and, respectively, ℓ/2 < xf2 < ℓ. In
the second case, ℓ/2 < xf1 < ℓ and 0 < xf2 < ℓ/2
are assumed. In both cases, it is sufficient to consider
only half of the channel using the symmetry condi-
tions derived from Eq. (11)

x = ℓ/2 : f1 = f2, fI
1 = −fI

2 , (12)

where f stands for θ, F or Z.

3. Asymptotic analysis

3.1. High activation energy limit β ≫ 1

Within the HAEA limit, the radical production
term is reduced for β ≫ 1 to the Dirac δ-function,
namely ω ∼ δ(x − xf ), with xf located at the point
where the temperature is equal to the dimensionless
branching temperature, see [19–21]. The standard
jump conditions for variables across the flame sheet
take the form[
Z1

]
=

[
F1

]
= Le−1

F

[
F I
1

]
+Le−1

Z

[
ZI

1

]
= 0, (13)

θ1|xf±0 = 1,
[
θ2
]
=

[
θI1
]
=

[
θI2
]
= 0 , (14)

where [f ] = f(xf + 0) − f(xf − 0). These jump
conditions are obtained by combining Eqs. (4)-(5) and
integrating over the flame sheet.
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Assuming that at x = xf the fuel is consumed
completely, the solution of Eqs. (4)-(5) takes the form

F1 =

{
1− exp [LeF m(x− xf )], x < xf ,
0, x > xf ,

(15)

Z1 =

{
Zf exp[am(x− xf )], x < xf ,
Zf exp[ap(x− xf )], x > xf ,

(16)
where

am = (LeZ m+
√

Le2Zm
2 + 4LeZ)/2 ,

ap = (LeZ m−
√

Le2Zm
2 + 4LeZ)/2 ,

(17)

and

Zf =
mLeZ

(Le2Zm
2 + 4LeZ)1/2

(18)

is obtained from the derivatives jump conditions given
by Eq. (13). It can be checked from Eq. (16) that the

mass fraction of radicals satisfies
∞∫

−∞
Z1 dx = m.

Finally, the problem of determining the steady-
state temperature distributions and the flame positions
is reduced to solving{

mθI1 = θII1 + qZ1 − b (θ1 − θ2) ,
−mθI2 = θII2 + qZ2 + b (θ1 − θ2) ,

(19)

with the boundary conditions given by Eq. (10),
where Z1 is determined by Eq. (16) and Z2(x) =
Z1(ℓ− x).

In what follows, we first consider the cases with
ℓ ≫ 1. Analysis shows that the cases with m = O(1)
and m ≪ 1 should be considered separately.

3.2. Results for ℓ ≫ 1 and m = O(1)

Consider the limit of a long heat-exchange seg-
ment, ℓ ≫ 1. Estimates of the heat exchange pa-
rameter between the channels, b, suggest that it is
small compared with unity. To carry out the asymp-
totic analysis, it is convenient to assume (formally)
that b = b̃/ℓ, where b̃ = O(1).

To solve Eqs. (19) for ℓ ≫ 1 and m = O(1),
the well known method of matched asymptotic expan-
sions is applied. The procedure for finding a solution
presented below is similar to that described in [29].
As usual, the inner and outer variables are introduced
as follows: η = x − xf for the inner variable and
ξ = (x − xf )/ℓ for the outer variable. The flame
position in the first channel, written in terms of an ex-
ternal variable, becomes ξf = xf/ℓ. The internal and
external temperatures in two channels are denoted as
θini (η) and θouti (ξ), respectively, where i = 1, 2.

We have |η| = O(1) in the inner region. Taking
into account that b = b̃/ℓ, the heat-exchange term is
small here, to the leading order. Thus, the solution of

Eqs. (19) for θin1 (η) is given by

θin1 =


c1 + c2e

mη +
qZf

mam − a2
m

eamη, η < 0 ,

c3 + c4e
mη +

qZf

map − a2
p

eapη, η > 0 ,

(20)
where ap, am and Zf are determined by Eqs. (17)-
(18).

Rewriting this inner solution in terms of the outer
variable ξ = O(1) indicates that c4 = 0 in order to
eliminate the corresponding exponentially large term,
∼ c4e

ℓm ξ growing exponentially for positive ξ =
O(1) and ℓ ≫ 1. Applying conditions (14) written at
η = 0,

θin1 (0+) = θin1 (0−) = 1, [dθin1 /dη] = 0 ,

gives

c1 = 1− qZf

m

{
m− am

mam − a2
m

+
ap

map − a2
p

}
c2 =

qZf

m

{
ap

map − a2
p

− am

mam − a2
m

}
c3 = 1− qZf

map − a2
p

(21)
Thus, from Eq. (20) it follows that

lim
η→−∞

θin1 (η) = θ
(−)
1 , lim

η→+∞
θin1 (η) = θ

(+)
1 ,

(22)
where θ

(−)
1 = c1 and θ

(+)
1 = c3. We have also that

θ
(+)
1 − θ

(−)
1 = q, as it should be, and θ

(−)
1 < 1 and

θ
(+)
1 > 1. These values are used for the matching

procedure between the inner and outer solutions. In
particular,

θ
(−)
1 = 1−D · q , (23)

where

D =
4LeZ(m+ s)

s(LeZ m+ s)(2m− LeZ m+ s)
(24)

with s =
√

LeZ(LeZm2 + 4).
The leading order of Eqs. (19) written in terms of

the outer variable takes the form

mdθout1 /dξ = −b̃(θout1 − θout2 ) ,

−mdθout2 /dξ = b̃(θout1 − θout2 ) ,
(25)

because the radicals mass fraction given by Eq. (16)
is exponentially small in the outer region ξ = O(1).
For the matching of internal and external expansions,
it is necessary to impose

lim
ξ→0−

θout1 (ξ) = lim
η→−∞

θin1 (η) ,

lim
ξ→0+

θout1 (ξ) = lim
η→∞

θin1 (η) .
(26)

The temperature in the adjacent channel is continuous
at the point ξ = 0.
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The general solution of Eqs. (25) has the form

θout1 (ξ) =
C1 + C2

2
− b̃

m
C1ξ,

θout2 (ξ) =
C2 − C1

2
− b̃

m
C1ξ ,

(27)

where C1 and C2 are arbitrary constants. As stated
above, there are two cases to be considered.

Consider the case with 0 < ξf < 1/2. The corre-
sponding boundary and matching conditions are

θout1 (−ξf ) = 0, θout2 (0+) = θout2 (0−) ,

lim
ξ→0−

θout1 (ξ) = θ
(−)
1 , lim

ξ→0+
θout1 (ξ) = θ

(+)
1 ,

θout1 (1/2− ξf ) = θout2 (1/2− ξf ).
(28)

Thus, there are four arbitrary constants (two on each
side of the flame) appearing in Eq. (27) which are
found by means of any four conditions from (28). The
last fifth condition is used to determine the flame po-
sition ξf . A similar procedure for finding a solution
is applied for the case where 1/2 < ξf < 1.

After completing these algebraic steps, the solution
for the flame position (in the first channel), written in
terms of xf = ℓξf , takes the form

xf =

{
mθ(−)/bq for 0 < xf < ℓ/2 ,

ℓ−mθ(−)/bq for ℓ/2 < xf < ℓ ,
(29)

where θ
(−)
1 is given by Eq. (23).

We note parenthetically that the external solution
given by Eq. (27) for θ2 does not satisfy the zero con-
dition at x = 0, as required by Eq. (10). A similar
situation occurs for the temperature θ1 at x = ℓ. In
fact, from the point of view of the external solution,
two boundary layers must be introduced: the first ad-
jacent to ξ = 0 for θ2 and the second for θ1 adjacent
to ξ = ℓ. Nevertheless, after analyzing Eq. (19) for
ℓ ≫ 1, the solutions within these boundary layers are
trivially written in terms of the variable x in the form

x = O(1) : θ2 = θout2 |ξ=0 · [1− e−mx] ,

x− ℓ = O(1) : θ1 = θout1 |ξ=1 · [1− em(x−ℓ)] ,
(30)

because the heat exchange term, of order ℓ−1, is neg-
ligible here. In any case, the presence of these bound-
ary layers does not affect in any way the final result
for xf given by of Eq. (29).

One can see from Eq. (29) that xf → 0 at m → 0,
that is, the flame approaches the cold inlet at low flow
rates, which contradicts the physics of the process.
Thus, the case of small m should be considered sepa-
rately.

3.3. Results for ℓ ≫ 1 and m ≪ 1

When obtaining Eqs. (25) written in terms of the
external variable ξ, it was assumed that for ℓ ≫ 1 the
diffusion term in the temperature equation, of order

1/ℓ2, becomes small in comparison with the convec-
tive term, of order m/ℓ. This allowed us to apply the
method of matched asymptotic expansions. This is
not the case when m ≪ 1.

Let us assume that m = m̃/ℓ, where m̃ = O(1).
It turns out that for ℓ ≫ 1 the asymptotic solution
can be obtained by means of the regular expansion
method using ℓ−1 as a small parameter. It is conve-
nient to use the variable ξ = x/ℓ. When doing this,
the mass fraction of radicals in Eq. (19) acts formally
as a δ-function. Indeed, writing the expression given
by Eq. (16) for m = m̃/ℓ ≪ 1 in terms of the exter-
nal variable results in

Z1 =
m̃Le

1/2
Z

2ℓ

{
exp{Le1/2Z (ξ − ξf )ℓ} , ξ < ξf ,

exp{−Le
1/2
Z (ξ − ξf )ℓ} , ξ > ξf ,

(31)
in the fist approximation. One can see that the
nonzero values of Z1 take place within a narrow in-
terval of width ℓ−1 around ξf . On the other side
∞∫

−∞
Z1dξ = m̃/ℓ2. Thus, we have that Z1 →

m̃δ(ξ − ξf )/ℓ
2 as ℓ → ∞.

Consider the case with 0 < ξf < 1/2 for which
Z2 ≡ 0 in the first half of the heat exchange segment.
Eqs. (19) written in terms of the variable ξ become

m̃

ℓ2
dθ1
dξ

=
1

ℓ2
d2θ1
dξ2

+
qm̃

ℓ2
δ(ξ − ξf )−

b̃

ℓ
(θ1 − θ2),

−m̃

ℓ2
dθ2
dξ

=
1

ℓ2
d2θ2
dξ2

+
b̃

ℓ
(θ1 − θ2),

(32)
to be solved for 0 < ξ < 1/2. We can search a
solution using a regular asymptotic expansion in the
form {

θ1 = θ
(0)
1 + ℓ−1θ

(1)
1 + . . . ,

θ2 = θ
(0)
2 + ℓ−1θ

(1)
2 + . . . .

(33)

One can see that the leading heat exchange term in
Eq. (32) is of order ℓ−1. Thus, we have θ(0)1 = θ

(0)
2 =

θ(0) as ℓ ≫ 1 within the interval 0 < ξ < 1/2, in the
first approximation. Summation of Eqs. (32) yields

d2θ(0)

dξ2
+

1

2
qm̃ δ(ξ − ξf ) = 0 , (34)

to be solved subject to

θ(0)|ξ=ξf = 1, θ(0)|ξ=0 = 0, dθ(0)/dξ|ξ=1/2 = 0 .
(35)

It should be remembered that, by definition, at the
flame point, ξf , the temperature is equal to unity.

The solution of Eqs. (34)-(35) becomes

θ =

{
ξ/ξf , ξ < ξf ,
1, ξf < ξ < 1/2.

(36)

Substitution of this expression into the condition
required by the δ-function in Eq. (34), namely
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l=300, q=0.6, b=0.1, Lez=0.3

Fig. 2: Comparison of various asymptotic solutions for ℓ =
300, q = 0.6, b = 0.1 and LeZ = 0.3: dashed line -
Eq. (29) for m = O(1), for xf < ℓ/2; dash-dotted line -
Eq. (37) for m ≪ 1, for xf < ℓ/2; open circles - composite
solution given by Eq. (38); the solid curve shows the result
of calculations at finite ℓ based on Eq. (39).

[dθ/dξ] + qm̃/2 = 0, provides an additional con-
dition to determine ξf . The case with 1/2 < ξf < 1
is considered similarly.

The final expression for the flame position for
m ≪ 1 written in terms of xf = ℓξf takes the form

xf =

{
2/qm, for 0 < xf < ℓ/2,
ℓ− 2/qm, for ℓ/2 < xf < ℓ.

(37)

It can be seen from Eq. (37) that as m → 0 the flame
position xf moves away from the entrance to the heat
exchange segment where the cold mixture enters, as
it should be.

3.4. Composite solution for xf

The solutions provided by Eq. (29) and Eq. (37)
show that xf → 0 as m ≪ 1 and that xf → 0 as
m ≫ 1, respectively. This allows to construct the first
order composite expansion by combining Eq. (29)
and Eq. (37) for xf in the form

xf =


mθ

(−)
1

b q
+

2

mq
, 0 < xf < ℓ/2,

ℓ−
(
mθ

(−)
1

b q
+

2

mq

)
, ℓ/2 < xf < ℓ,

(38)
where θ

(−)
1 is given by Eq. (23).

4. Comparison with finite-ℓ results

In order to validate the results presented above,
Eqs. (19) were solved analytically for large but finite

0 50 100 150 200 250 3000

0.5
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0 50 100 150 200 250 3000
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1.5

x

θ, Z1

m=2, q=0.6, b=0.1

θ2

θ1

Z1

0 50 100 150 200 250 3000

0.05

0.1

θ Z1

x

m=0.1, q=0.6, b=0.1

Z1

Fig. 3: Solutions obtained with finite ℓ; θ1 - solid line, θ2
- dashed line, Z1 - thin solid line, all curves for ℓ = 300,
q = 0.6 and b = 0.1; upper plot for m = 2, lower plot for
m = 0.1.

values of ℓ following the procedure presented in [29].
The symmetric solutions were sought separately for
0 < xf < ℓ/2 and for ℓ/2 < xf < ℓ.

Equations (19) written on both sides of the flame
sheet are linear and have an analytical solution con-
taining eight constants, {Ci, i = 1, . . . 8}, four on
each side. These constants are determined from any
eight conditions given by Eqs. (10) and (14), which
requires solving a system of eight linear inhomoge-
neous equations. The remaining ninth condition pro-
viding a solvability condition of the form

F(xf ;m, q, ℓ, b, LeZ) = 0 (39)

is applied to determine the flame position, xf . All
steps were carried out by means of MAPLE facilities.
The resulting analytical expression for the function F
is too long to be given here explicitly. After that, the
roots of Eq. (39) were found numerically.

Figure 2 compares the asymptotic curves for ℓ ≫ 1
with analytical results obtained for finite ℓ, all curves
for ℓ = 300, q = 0.6, b = 0.1 and LeZ = 0.3.
The dashed and dash-dotted curves show Eq. (29) for
m = O(1) and Eq. (37) for m ≪ 1, respectively,
both plotted for only for xf < ℓ/2. Open circles and
a solid line represent the composite expansion given
by Eq. (38) and the flame position calculated for finite
ℓ using Eq. (39). Good agreement can be seen which
confirms the possibility of using these asymptotic re-
sults for the analysis of a superadiabatic device.

Figure 3 compares the flame soltions with m = 2
(upper plot) and m = 0.1 (lower plot) showing the
temperature distributions in both channels, θ1 and θ2,
and the mass fraction of radicals Z1 (only in the first
channel) calculated for ℓ = 300. The flame posi-
tion was calculated from Eq. (39) for the case with
0 < xf < ℓ/2. The temperature and mass frac-
tion solutions computed using Eqs. (19) are plotted
for q = 0.6, b = 0.1 and LeZ = 0.3.

In the upper plot of Fig. 3, it can be seen that the
temperature distributions are linear outside the region
of nonzero Z1, which corresponds to the external so-
lution given by Eq. (27). The interval of x where Z1
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Fig. 4: Comparison of flame positions xf as functions of the flow rate m (left plot) and the heat of reaction q (right plot) obtained
from Eq. (39) for finite ℓ (solid lines) and the asymptotic composite solution given by Eq. (38) (dashed lines), for ℓ = 300 and
LeZ = 0.3.

has nonzero values corresponds to the internal region
described by Eq. (20). One can see also the boundary
layers at x = 0 for θ2 and at x = ℓ for θ1, where
the corresponding temperatures drop to zero, as in-
dicated by the solution given by Eq. (30). The lower
plot of Fig. 3 shows that for m ≪ 1 the difference be-
tween θ1 and θ2 is small everywhere, as follows from
Eq. (33) for large ℓ.

Figure 4 shows a comparison between the analyti-
cal solution for finite values of ℓ based on the numeri-
cal solution of Eq. (39) (solid curves) and the asymp-
totic composite solution given by Eq. (38) (dashed
curves). The left figure shows the dependencies for
xf on m for several values of q, the right figure shows
the dependence for xf on q for m = 2.5 and several
values of b. It can be seen that the asymptotic solution
gives a good approximation for the flame position as
well as for the critical values of the flow rate or the
heat of reaction. The authors wish to emphasize that
the mixtures with q < 1 are below the flammability
limit. However, Fig. 4 shows that combustion is fea-
sible for these mixtures in this type of devices.

The study of the stability of the found steady-state
regimes is beyond the scope of the present work.
However, previous studies based on various models
for superadiabatic devices indicate that only the so-
lutions corresponding to the lower branch of xf are
stable, see [8, 29].

It should also be noted that the right-hand side of
Eq. (38) for xf does not depend on ℓ. To determine
the critical value of any parameter, such as, for ex-
ample, the minimal reaction heat value, qmin, above
which the flame exists, it is necessary to equate xf to
ℓ/2 in Eq. (38) (given that this flame position corre-

sponds to the critical point). In particular, we have

qmin =

(
m

b
+

2

m

)/(m

b
D +

ℓ

2

)
, (40)

where D is given by Eq. (24).

5. Conclusions

Determining the rank of parameter values at which
a given device has an operating mode is a key task
in the design and utilization of a device. This can be
done only on the basis of a mathematical model for
the process, which usually contains a large number
of parameters. These parameters describe the chemi-
cal kinetics of the process, the geometric device fea-
tures, its thermo-physical properties, and so on. The
mathematical model itself is usually built on the basis
of differential equations describing conservation laws
for the energy and mass of reacting substances. The
parametric analysis of the resulting model often faces
certain difficulties, such as the multiplicity of the so-
lutions. In view of these circumstances, the asymp-
totic analysis is a convenient tool often even leading
to explicit expressions thus facilitating the parametric
study.

In this investigation, an asymptotic analysis is pre-
sented for a superadiabatic counterflow burner using
a chain-branching combustion chemistry model. In
the analysis, the channels where combustion takes
place are assumed to be sufficiently thin, which al-
lows a one-dimensional flow description. In the con-
sidered cases, the length of the channels is chosen
significantly greater than the thermal flame thickness
providing a large natural parameter of the problem.
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When doing the asymptotic expansions of the dif-
ferential equations using this parameter, the channel
must be divided into two regions: the reaction zone
and the convective zone. Explicit solutions are ob-
tained in each zone and the matching of the corre-
sponding solutions provides an explicit expression for
determining the flame position. The resulting explicit
asymptotic solution has been compared satisfactorily
with the exact solution of the problem estimated at
large but finite values of the expansion parameter. The
latter reveals that the asymptotic method provides a
good approximation for the solutions. The main re-
sult of this work is a demonstration of the possibility
to ensure the combustion process for mixtures below
the flammability limit in superadiabatic devices of the
considered type.
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